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Abstract

In a recent paper Juodis and Reese (2022) (JR) show that the application of the CD
test proposed by Pesaran (2004) to residuals from panels with latent factors results in
over-rejection. They propose a randomized test statistic to correct for over-rejection, and
add a screening component to achieve power. This paper considers the same problem
but from a different perspective. It shows that the standard CD test remains valid if
the latent factors are weak, and proposes a simple bias-corrected CD test, labelled CD",
which is shown to be asymptotically normal, irrespective of whether the latent factors
are weak or strong. This result is shown to hold for pure latent factor models as well as
for panel regressions with latent factors. The case where the errors are serially correlated
is also considered. Small sample properties of the CD” test are investigated by Monte
Carlo experiments and are shown to have the correct size and satisfactory power for both
Gaussian and non-Gaussian errors. In contrast, it is found that JR’s test tends to over-
reject in the case of panels with non-Gaussian errors, and has low power against spatial
network alternatives. The use of the CD test is illustrated with two empirical applications
from the literature.
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1 Introduction

It is now quite standard to use latent multi-factor models to characterize and explain cross-
sectional dependence in panels when the cross section dimension (n) and the time series dimen-
sion (T') are both large. However, due to uncertainty regarding the nature of error cross-sectional
dependence, it is arguable whether the cross-sectional dependence is fully accounted for by la-
tent factors. Some of the factors could be semi-strong, and the errors might have spatial or
network features that are not necessarily captured by common factors alone. Chudik et al.
(2011) provide an early discussion of the different sources of cross-sectional dependence, where
it is shown that for a factor model to capture spatial dependence one needs a weak factor model
where the number of weak factors tends to infinity with n. It is clearly desirable to test for
error cross-sectional dependence once the common factor effects are filtered out.

In a recent paper Juodis and Reese (2022) (JR) show that the application of the CD test
proposed by Pesaran (2004, 2015a) to the residuals from panels with latent factors is invalid
and can result in over-rejection of the null of error cross-sectional independence. They propose
a randomized CD test statistic as a solution. Their proposed test is constructed in two steps.
First, they multiply the residuals from panel regressions with independent randomized weights
to obtain their C'Dy, statistic, which will have a zero mean by construction. In this way they
avoid the over-rejection problem of the C'D test, but by the very nature of the randomization
process they recognize that the C' Dy, test will lack power. To overcome the problem of lack
of power, JR modify the C' Dy, test statistic by adding to it a screening component proposed
by Fan et al. (2015) which is expected to tend to zero with probability approaching one under
the null hypothesis, but to diverge at a reasonably fast rate under the alternative. This further
modification of C'Dy, test is denoted by C'Dy,. Accordingly, it is presumed that the C' Dy,
test can overcome both over-rejection and the low power problems. However, JR do not provide
a formal proof establishing conditions under which the screening component tends to zero under
the null and diverges sufficiently fast under alternatives, including spatial or network dependence
type alternatives. Using theoretical results established by Bailey et al. (2019) for correlation
coefficients we show that the screening component in JR need not converge to zero. Also, our
Monte Carlo simulations show that the C Dy, test tends to over-reject when the errors are
non-Gaussian and n >> T, and seems to lack power under spatial alternatives, which is likely
to be particularly important in empirical applications.

In this paper we show that the standard C'D test is in fact valid for testing error cross-
sectional dependence in panel data models with weak latent factors. However, when the latent
factors are semi-strong or strong the use of C'D test will result in over-rejection and will no
longer be valid, extending JR’s results to panels with semi-strong latent factors. In short, whilst
the C' Dy, is a useful and welcome addition to testing for error cross-sectional dependence, it
would be interesting to develop a modified version of the test that simultaneously deals with
the over-rejection problem and does not compromise power for a general class of alternatives.
To that end, firstly we study testing for error cross-sectional dependence in a pure latent
factor model, and derive an explicit expression for the bias of the C'D test statistic in terms of
factor loadings and error variances. We then propose a bias-corrected version of the C'D test
statistic, denoted by C'D*, which is shown to have N(0,1) asymptotic distribution under the
null hypothesis irrespective of whether the latent factors are weak or strong. When the latent
factors are weak the correction tends to zero, CD and C'D* will be asymptotically equivalent.
However, C'D — C'D* diverges if at least one of the underlying latent factors is strong. We show



that C'D* converges to a standard normal distribution when n and 7" tend to infinity so long as
n/T — Kk, where 0 < k < 0o, and a test based on C'D* will have the correct size asymptotically.
We then consider the application of the CD* to test error cross-sectional dependence in the
case of panel regressions with latent factors, discussed in Pesaran (2006). It is shown that the
asymptotic properties of C'D* in the case of pure latent factor models also carry over to panel
data models with latent factors. We also investigate the application of the C'D* to panel data
models with serially correlated errors, and consider the method proposed by Baltagi et al. (2016)
as well as using an autoregressive distributed lag (ARDL) representation which transforms the
model with the serially correlated errors to one without error serial correlation.

The finite sample performance of the C'D* test is investigated by Monte Carlo simulations
in the case of pure factor models, panel regressions with latent factors with and without error
serial correlation. It is found that the C'D* test avoids the over-rejection problem under the
null and diverges fast under spatial alternatives, and has desirable small sample properties
regardless of whether the errors are Gaussian or not, under different combinations of n and T'.
Although computation of C'D* requires estimation of factors and their loadings, the simulation
results suggest that prior information on the number of latent factors is unnecessary so long as
the number of estimated (selected) factors is no less than the true number. We also find that
both adjustments for dealing with error serial correlation considered in the paper give desirable
small sample properties. Finally, as compared to JR’s C' Dy, + test, the proposed bias-corrected
CD test is better in controlling the size of the test and has much better power properties against
spatial (or network) alternatives.

The use of C'D* is illustrated by two empirical applications studied in literature. In the first
application, we examine modeling real house price changes in the U.S. Because it is evident
that real house price changes are driven by macroeconomic trends which can be modeled by
latent factors, it is necessary to filter out these factors before testing for spillover effect. By
applying C'D* to real house price changes in the U.S. we are able to show significant existence
of weak cross-sectional dependence in addition to latent factors. In the second application,
we consider modeling R&D investment in industries. Because there is knowledge spillover
between industries as well as other cross-sectional dependencies, modeling R&D investment
needs to include latent factors and researchers usually apply the CCE approaches proposed by
Pesaran (2006) to estimate coefficients. With C'D*, we find that the evidence of cross-sectional
dependence in the CCE residuals of modeling R&D investment is weak when the number
of selected principal components (PCs) is sufficiently large. The robustness of the empirical
applications to possible error serial correlation is also investigated using the approach of Baltagi
et al. (2016) as well as the proposed ARDL.

The paper is set out as follows. Section 2 considers a pure latent factor model, establishes
the limiting properties of the C'D test in the presence of latent factors, derives the bias-corrected
test statistic, C'D*, and establishes its asymptotic distribution. The extension to more general
panel data models with observed covariates as well as latent factors are discussed in Section
3. Then two adjustments of C'D* test for panels with serially correlated errors are discussed
in Section 4. Section 5 sets up the Monte Carlo experiments and reports the small sample
properties of C D, CD* and, C' Dy ., tests. Section 6 provides the empirical illustrations. The
proofs of the main theorems and the related lemmas are given in the online supplement.



2 CD* test for a pure latent factor model

We consider the following general linear panel data model which explains y;;, in terms of ob-
served and latent covariates,

Yir = aidy + Bixq + ')’;ft + Uit (1)
fori =1,2,....,nandt =1,2,...,T, where d; is a k; x 1 vector of observed common factors, x;; is a

k. x 1 vector of unit-specific observed covariates, and f; = (fi, for, - .-, fmot)' is an mq x 1 vector of

unobserved factors. a; = (a1, iz, -y Qiy)'s B; = (Bir, Bizs -+ Bir,)” and v; = (Vir, Vizs -+ Yirmo )
are the associated vectors of unknown coefficients. wu; is the idiosyncratic error for unit ¢ at
time t, and its cross-sectional dependence property is the primary object of interest. To simplify
the exposition and to highlight the main issue of concern, namely the presence of unobserved
factors, initially we focus on the pure factor model,

Yit = ’Y;ft + U, (2)

and assume that wu; are serially independent. Both of these restrictions will be relaxed. We
also assume that mg, the true number of factors, is known, and make the following standard
assumptions:

Assumption 1 (a) f; is a covariance-stationary process with zero means and the covariance
matriz, E(§f) = Zs > 0. (0) TS (I = E (|£]19)] =,0, for j = 3,4, as T — oo.
(c) There exists Ty such that for all T > Ty, T™! Zthl fff, = T'FF=3%7, > 0, and
ETyff —7p Eff > 0, where F = (fl,fg, ...,fT)/.

Assumption 2 u; ~ I1D(0,0?), where o? are treated as given such that sup; 0? < K, inf;o? >
c, and B (\uit]8+c) < K. (a)There exists a finite integer Ty such that for all T > Ty, infw?p =

T inf; (WMpw;) > c,
/M ; —8—¢
sup E (&> <K, (3)
i T

for some small ¢ and € > 0, where u; = (w1, Uiz, ..., uir) and Mp = Iy — F(F'F)le’. (b) ui
and ujy are distributed independently for all i # j and t # t', such that E [A.. (V)] = O(1),
where Vp = T71 Zthl utu;, and wy = (Ung, Uty oy Unt)' . (¢) for all i and t, uy is distributed
independently of £y, for all i,t and t'.

Assumption 3 The mgy x 1 vector of factor loadings v, is bounded such that sup, ||7v,| < K,
n Y v =By — 2., > 0, and

n T
1 .
\/ﬁ Zzbinfjtuit'%’j = OP(1)7 fOT’] = 17 2a ...y My, (4)

i=1 t=1

where {bin} a sequence of bounded constants such that n=*> 1" b2 = O(1). Also

1,
fi 2 >0 )
where
ain =1 — 00,7, (6)

and g, = n Y /o



Remark 1 Let ¢y = uy/o; and €; = (g41,€i2,--.,&i7). The fact that there exists a finite Ty
such that (3) holds can be established readily if it is further assumed that €; ~ IIDN(0,I7).

8
In this case e;Mpe; is distributed as x7_,,, and E (s’MLpsz> < K so long as T" > my + 16.

See Section 4 of Smith (1988). Under non-Gaussian errors a larger value of T will be typically
needed for the moment condition (3) to hold.

Remark 2 The sequence of bounded constants, by, is introduced in (4) for convenience and can
be readily absorbed as scalars of fjr and v;;, since factors and their loadings are only identified
up to rotations.

Remark 3 Condition (5) is required for the validity of the bias corrected CD test proposed in
this paper and, for example, rules out the special case, noted by one of the reviewers, where
mo=1,0,=0,v=v==xl.

To allow one or more of the latent factors to be weak, following Bailey et al. (2021) we
denote the strength of factor j by o; as defined by the rate at which the sum of absolute values
of factor loadings rises with n, namely

Z‘f}/iﬂ:@(naj)? forj:1>2""?m0' (7)
=1

The case of strong factors assumed in the principal component analysis (PCA) literature cor-
responds to a; = 1, for j = 1,2,...,mg. The CD test does not require any modifications if the
factors are weak, namely when o; < 1/2 for all j. The intermediate case of semi-strong factors
where 1/2 < a; < 1 leads to additional technical challenges and will not be considered in this
paper.

Most of the above assumptions relate closely to those made in the literature on CD tests and
large dimensional factor models. See, for example, the assumptions in Pesaran (2004, 2015a),
and assumptions L and LFE in Bai and Ng (2008). The zero means in Assumption 1 are not
restrictive and will be relaxed when we consider panel data models with observed regressors.
Under Assumption 3 all factors are required to be strong. Since -, and f; are identified only up
to an mg X mg non-singular rotation matrix, we set ., = I,,,;, where L, is an identity matrix
of order my. However, later we show that our main Theorem 1 continues to hold so long as the
maximum factor strength a = maz;(a;) = 1, namely there is at least one strong factor. It is
not required that all mg latent factors should be strong, as required when Assumption 3 holds.
Assumption 2 is a technical assumption, also made for the proof of the asymptotic normality
of the standard CD test.

Under the above assumptions the asymptotic results of Bai (2003) apply, and the latent
factors and their loadings can be estimated using PCs, given as the solution to the following

optimization problem
n T / 9
min >N (y@-t - %-ft) ;

i=1 t=1
where F = (f, f,, . .. ,fT),and I'=(v,7--- ,"yn),, with F and T satisfying the normalization

restrictions: n— T T = I,,, and T~'F'F being a diagonal matrix. The estimators of factors
and their loadings are then given by

f' = nQ, and F = %YQ, (8)

4



where we define y; = (vi1, iz, - - - ,yiT)/ for i = 1,2,...,n so that Y = (y,,¥2,...,yn) is the
T x n matrix of observations on y; and Q is n x my matrix of the associated orthonormal
eigenvectors of Y'Y. Then the residuals to be used in the construction of the CD test statistics
are given by

€it = Yir — ’A)’;ft- (9)

2.1 The CD test and its JR modification
The CD test statistic based on the residuals, (9), is given by

CD = n(n—l (Z > b ) (10)

i=1 j=i+1

A _ T ~ ~ ~ . .
where pijr =T 1Y, €ir€jir, € is the scaled residual defined by,

€t
it, T = ) 11
etT UzT ( )

and 62, = T™'3,_ €% > c¢ > 0. JR consider a panel regression model with latent factors,

assuming that all the factors are strong and show that in that case CD = O, (\/T ), and its

use will lead to gross over-rejection of the null of error cross-sectional independence. To deal
with the over-rejection problem they propose the following randomized CD test based on the
random weights, w;, drawn independently of the residuals, ej;, namely

i—1

CDy = n(n — 1 Z Z (wieir) (wiej), (12)

t=1 i=2 j=1

3

where w;, for ¢ = 1,2,...,n are independently drawn from a Rademacher distribution. The
C Dy statistic can also be computed using the scaled residuals, €; 7. The test outcomes do
not seem to be much affected by whether scaled or unscaled residuals are used. Here we follow
JR and define C' Dy in terms of unscaled residuals. Because of the random properties of the
weights, JR show that C'Dy, converges to a standard normal distribution regardless of the
values of e;;, and as a result the over-rejection problem of the standard C'D test is avoided if
C Dy statistic is used instead. But as recognized by JR, this is achieved at the expense of
power. To overcome this limitation, JR construct another power enhanced test statistic by
following Fan et al. (2015), and add the screening component, A,7, to C' Dy, to obtain C Dy,
defined by

CDw,. =CDw + Ay, (13)

where

n 1—1
. . In(n
Bar =33 loualL (|pij,T| e >) . (1)

i=2 j=1

For the CDy . test to have the correct size under Hy : p;; = 0, for all ¢ # j, the screening
component A,7 must converge to zero as n and T — oo, jointly. To our knowledge, the



conditions under which this holds are not investigated by JR. Whilst it is beyond the scope of
the present paper to investigate the limiting properties of A, 7 in the case of a general factor
model, using results presented in Bailey et al. (2019) (BPS), we will provide sufficient conditions
for A,r —, 0 in the case of the simple model y;; = p; +0,¢;.. By the Cauchy-Schwarz inequality
we first note that for all 7 # 7,

R . In (n
|pijr| 1 (\Pz‘j,ﬂ > 2 7(1 )) pij = 0]

1 ( ) 1/2
A n(n
p <|pij,T| > 2\ =Py = 0)] ) (15)

E

< [E (|pir)* 1pi; = 0)}1/2

where p;; = E (e4€1). Hence

E (Aur|pi; =0, for all i # j)

1/2
n(n —1 R 1/2 R In (n
< %SUP [E [|pijr|* 1pig = 0]] " sup | P || pyjr| > 2 #‘pij = 0” : (16)
i#] i#]
Now using results (9) and (10) of BPS, we have
A2 1
E [|pij,T| |pij = 0] =0 T ) (17)

and using result (A.4) in the online supplement of BPS, we also have

. C, (n,0) _ 1039 -1
sup P ‘Pi',T|>p—’pi':0:| 20(6 2 +O(T ? )
i#i ’ vT Y

where C,(n,6) = @' (1-32), 0 <p < 1, () is the inverse of the cumulative dis-

tribution of a standard normal variable, § > 0, Ymax = sup,.; £ (E?t{:‘jzt), and s is such that

sup,.; B les|”® < K, for some integer s > 3 (see Assumption 2 of BPS). Also using results in
Lemma 2 in the online supplement of BPS, we have

C?(n,é ~302(n,0)
M = 25, and e ?4Pmax = O (n_‘s/WmaX) .

1i

Therefore, T~Y/2C,, (n,d), and 24/T~11n (n) have the same limiting properties if we set § = 2.
Overall, it then follows that

apr ((purt = 2"y =) <0 (irei) o (). oy

Using (17) and (18) in (16), we now have

1

2_
E (Aprlpi; =0, for all i £ ) = O <” ) +0 (). (19)

VT



Therefore, A,r —, 0, if n2T—F 5 0 and T-V2n% amex — 0. Tt is easily seen that both of
these conditions will be met asn and T' — oo and n = o (ﬁ) if €;; is Gaussian, since under

Gaussian errors, ¢m.x = 1 and s can be taken to be sufficiently large. But, in general the
expansion rate of 7" relative to n required to ensure A, —, 0 will also depend on the degree to
which £ (sftsjzt) exceeds unity. For example, if €;; has a multivariate ¢-distribution with degrees
of freedom v > 4, then letting T = n¢, d > 0, and using results in Lemma 5 of BPS’s online
supplement, we have

v—2
P = SUD B (heiloiy = 0) = —
Hence, E (A,r|pi;j = 0, for all ¢ # j) defined by (19) tends to 0 if n2 22 0,orifd > %
Assumption 1 of JR requires |8it‘8+5 < K, for some small positive €, and for this to be satisfied
in the case of t-distributed errors we need v > 9, which yields d > 2 when v = 10, requiring T’
to rise faster than n.

Finally, for the C' Dy + test to have power it is also necessary to show that A,r diverges
in n and T sufficiently fast under alternative hypotheses of interest, namely spatial or network
dependence. Later in the paper, we provide some Monte Carlo evidence on this issue, which
indicates A, need not diverge sufficiently fast and can cause the C' Dy + test to suffer from low
power against spatial or network alternatives. Our Monte Carlo experiments also show that
the issue of over-rejection of C' Dy + when n >> T prevails when the errors are chi-squared
distributed and the moment condition in Assumption 1 of JR is met.

2.2 The bias-corrected CD test

As shown by JR, the main reason for the failure of the standard CD test in the case of the
latent factor models lies in the fact that both the factors and their loadings are unobserved and
need to be estimated, for example by PCA as in (8). Essentially the differences between '?;f't
and v;f; do not tend to zero at a sufficiently fast rate for the CD test to be valid, unless the
latent factors are weak, namely unless @ = maz;(a;) < 1/2. Since the errors from estimation of
7;ft are included in the residuals e;;, the resultant CD statistic tends to over-state the degree of
underlying error cross-sectional dependence. This problem also arises when the latent factors
are proxied by cross section averages, as is the case when panel data models are estimated
using correlated common effect (CCE) estimators proposed by Pesaran (2006), which we shall
address below in Section 3.

We propose a bias-corrected CD test statistic, which we denote by C'D*, that directly corrects
the asymptotic bias of the C'D test using the estimates of the factor loadings and error variances.
To obtain the expression for the bias we first write the C'D statistic, defined by (10), equivalently
as (established in Lemma 8 in the online supplement)

iy 1 [(ETss)
OD:( n—1>%; <f \/5) ' (20)




We also introduce the following analogue of C'D

where w?; = T 'u;Mpu;. Also, using results established in Lemmas 2 and 9 in the online
supplement, we have
1 1
52
_ o,(=)+0,(=
zT w2T+ <’I’L)+ P<T>7

CD —CD = o,(1). (22)

Scaling the residuals by w; r instead of &;r, we are able to establish a faster rate of conver-
gence which in turn allows us to derive an expression for the asymptotic bias of C'D statistic,
considering that CD and CD are asymptotically equivalent.

Now to analyze the asymptotic properties of CD, let §; r = v, /w;r and 6z T =4,/wir, and
note that

and

n

1 €it
—_— = nT — S n 23
NG ;1 or Yt — StnT (23)
where
aln uZ
Yinr = \/_ E wTT L s = 1 — Wi, (24)
St nT — \/— E |:<PnT 7@) Uit + (6 6 ) ft + (PnT (‘Y 71) PYth ) (25)

with ¢, =n~'>"  8;7. Using the above results, the CD statistic defined in (21) can then
be decomposed as

55_(\/2>\/1?g(¢t,n:r—j%w)2—l
J\/I) \}Tg(ﬁ%—l) ( 1/2ZSMT>— ( UQZ%m&w)].

Under Assumptions 1-3 the last two terms of CD are shown in Lemma 4 in the online sup-
plement to be asymptotically negligible, in the sense that they tend to zero in probability
as (n,T) — oo, so long as n/T — kK, and 0 < kK < oo. Hence, CD = z,r + 0,(1), where

2
=TT (wt’”T 1). Also, using (22) it can be shown CD = z,r + 0,(1) and further-

V2
= 2= 3 (Zg 1) +0,(1), (26)

t=1

more we have

where

3

1

§tn = % Z QinEity Gin =1 — 0:0L;, (27)
i1

8



Pn = %Z?Zl d;, and d; = ~,/0;, which is established in proof of Theorem 1 in the online
supplement. Since a;, are given constants, then E (&,) =0,

(é-tn =w, = — Z a; n o 71 Z (1 - UZ‘P;’YZ)Q ) (28)

=1

and
1 <&,
Var (€) —z( z) cn (). )

where ko = F (g},) — 3. Clearly, when the errors are Gaussian then F (¢},) = 3, the second term
of Var (¢2,,) defined by (29) is exactly zero. But even for non-Gaussain errors the second term
of Var (éfn) is negligible when n is sufficiently large. To see this note that

1 A 1 K
2 %in = 3, (1= ol y:)* < o
=1 =1

where K is a positive constant irrespective of whether the underlying factor(s) are strong or
weak. Then we can also compute the mean and the variance of z,r as

E(zmzﬁi(%l) - E e,

T 2
Var (z,r) ZV <§t") = Var—(ﬁm).

2

The above expressions for F (z,r) give the source of the asymptotic bias of CD as E (z,r) rises
with v/T, unless

n

lim w? = lim n~ Z (1—oipy,) =1.

n—00 n—00 —
1=

A bias-corrected version of C'D can be defined by

0D+\f9
OD*(6.) = ——4— (30)

where
n

1
0p=1—=> a;,, 31
S, a)
with a;,, defined by (27). Because of condition (5) in Assumption 3, 6,, = 1 is ruled out and
therefore the existence of C'D*(6,) is guaranteed. The above results are summarized in the
following theorem.

Theorem 1 Consider the model in (2) and assume the number of strong factors included in the
panel data model, myg, is known. Also suppose Assumptions 1-3 hold. Under the null hypothesis
of cross-sectional independence as (n,T) — 0o, such that n/T — Kk, and 0 < kK < oo, CD*(6,)
defined by (30) has the limiting N(0,1) distribution.



Remark 4 [t is clear from the definition of 0,,, given by (31), that it does not go to zero when
there is at least one strong factor in the panel data model. And as shown in Section 8 of the
online supplement in general 0, = & (n®'), where & = maxj—1 5 . m,(;), with a; representing
the strength of the latent factor, fj, defined by (7). Thus, the relationship between CD and
CD*(0,) is essentially controlled by the mazimum factor strength «. Also the main difference
between CD and CD*(6,,) relates to the correction in the numerator of (30), the order of which
s given by

VT6, =0 (T*n°7").

Suppose now T = & (nd) for some d > 0, then VT0, = & (nd/Qno‘*l) =6 (T‘”rd/?*l) , and the
bias correction becomes negligible if « < 1 —d/2. Under the required relative expansion rates of
n and T entertained in this paper, we need to set d = 1, and for this choice the bias correction
term, \/T#,,, becomes negligible if o < 1/2, namely if all latent factors are weak. This result
also establishes that the standard CD test is still valid if all the latent factors are weak, namely
a < 1/2, which confirms an earlier finding of Pesaran (2015a) regarding the implicit null of the
standard CD test when d = 1.

Remark 5 Although our mathematical derivations are based on results for standard factor
models where the factors are assumed to be strong, as we shall see from the Monte Carlo results
reported below, the proposed test will be applicable even if some of the latent factors happen to
be weak or semi-weak with o < 2/3. This is because when a factor is weak it does not matter
if its estimation by PCA is not consistent at the standard rate of 6,y = min(n'/2,T"?), since
a weak factor only affects a few of the units and its inclusion or exclusion from the analysis
has no material impact on the CD* test as n and T — oo. In effect, in the mathematical
derivations it is sufficient to consider strong factors, and absorb the weak factors in the error
term. Additional theoretical derivations are required when some of the latent factors are semi-
strong, namely when « is close to unity. Such an extension is beyond the scope of the present

paper.

The bias-corrected test statistic, CD*(6,,), depends on the unknown parameter, 6,, which

can be estimated by
n

A 1
en =1-- o 32
T n ; az,nT ( )
where
A VN 1 <= ¢
Gipr =1 = 637 (@rr¥i), Por = - Z OinT, (33)
i=1

and Si,nT = 4,/6ir. The following corollary establishes the probability order of the difference
between 6,7 and 6,,.

Corollary 1 Consider the bias correction term 6, in the CD* statistic given by (81) and its
estimator O, given by (32). Suppose Assumptions 1-2 hold. Then for (n,T) — oo, such that
n/T — Kk, where 0 < k < 00, we have

VT (énT - 9n> = 0,(1). (34)

10



It then readily follows that C'D* (énT) = CD*(0,) + o0p(1), where

CD* (énT) — 0D = CD;—\Q/%TQ"T (35)

~

We refer to C'D* (GHT), or C'D* for short, as the bias-corrected CD statistic, and the test based

on it as the C'D* test. The main result of the paper for pure latent factor models is summarized
in the following theorem.

Theorem 2 Under Assumptions 1-3, CD* defined by (35) has the limiting N (0, 1) distribution,
as (n,T) — oo, such that n/T — Kk, and 0 < Kk < 0.

Remark 6 Estimation of b1 requires the investigator to decide on the number of latent factors,
say m, when computing the C'D* statistic. Suppose that mqg denotes the number of strong
factors. Then if m > my, the additional assumed number of factors, m — mgy, must be weak
by construction and CD* —4 N(0,1) under the null hypothesis. The idea of setting m above
mo was suggested in Pesaran et al. (2013) when testing for unit roots in the context of panels
with multi-factor error structure, and was later considered formally by Moon and Weidner
(2015) who established that the panel estimators based on mg and ™ factors are asymptotically
equivalent so long as m > mqg. We conjecture that the same applies to C'D*, and recommend
setting m > myq. There is no need to have a precise estimate of mqy which is often unattainable
especially when some of the latent factors are semi-strong. In practice the assumed number of
factors can be increased to ensure that C'D* test does not result in spurious rejection.

Remark 7 Despite the robustness of CD* test to the choice of m, so long as m > my, it
cannot be used to test if the number of latent factor selected is correct. This is because it
cannot distinguish whether the cross-sectional dependence is caused by the missing latent factors
or other forms of cross-sectional dependence such as spatial error correlations. Qur analysis
does not contribute to the problem of estimating mqg addressed in the literature either based on
information criterion of Bai and Ng (2002) or eigenvalue ratio test of Ahn and Horenstein
(2013).

3 CD* tests for error cross-sectional dependence in panel data models with in-

teractive effects

Consider now the general panel regression model (1) which can be rewritten as
Yie = ogdy + BiXiy + Vi, vie = Yify + v (36)

To test the cross-sectional independence of error term in a mixed factor model as (36), we
need to estimate coefficients (e, 3;). When the regressor x;; is independent from both factor
structure and error term, a simple least squares regression of y;; on (1,x;) for each ¢ would be
sufficient. However, in a more general scenario, x;; can be correlated with factor structure. To
study this scenario, we adopt the large heterogeneous panel data models discussed in Pesaran
(2006), so that the time varying regressor x;; is assumed to be generated as

Xy = A;dt + F;ft + €zt
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where A; and I'; are k; X k, and my x k, factor loading matrices and e,; are the specific
components of x;;, distributed independently of the common effects and across 7, but assumed
to follow general covariance stationary process. Then in addition to Assumptions 1-3, we make
the following assumptions:

Assumption 4 (a) The kg x 1 vector d; is a covariance stationary process, with absolute
summable autocovariance and d; is distributed independently of £/, for all t and t', such that
T-'D'F = O, (T*1/2), where D = (dl,dg,...,dT)l and F = (fl,fg,...,fT)/ are matrices of
observations on d; and f;. (b) (dy, f;) is distributed independently of us; and €4 for alli,t,s.

Assumption 5 The unobserved factor loadings T'; are bounded, i.e. ||I'; ||, < K for all i.

Assumption 6 The individual-specific errors u; and €,y are distributed independently for all
1,7,t and t', and €, follows the linear stationary process €; = Z?io SiNzit—1, where for each
T, Neit 1S @ ky X 1 vector of serially uncorrelated random variables with mean zero, the variance
matrix I, , and finite fourth-order cumulants. For each 1, the coefficient matrices Sy satisfy
the condition

Var (€)= Z Sils;l = X
1=0
where X; s a positive definite matrix, such that sup; ||Xg], < K.
Assumption 7 LetT = E (v;,Ti). We assume that Rank (f‘) = my.

Assumption 8 Consider the cross-sectional averages of the individual-specific variables, z; =
(yit,x;t)l defined by z; = n~* Z?:l ziy, and let M = I — H (I:I/I:I)_1 H', and M, = 1Ir -
G (G'Gr)f1 G', where H = (D,Z) , G = (D,F), and Z =(21,%o,...,27) is the T x (ky + 1)
matriz of observations on the cross-sectional averages. Let X; = (X,;, X2, ..., Xir)", then the
k x k matrices \iliﬂT = Tle,/L-l\_/IXi and ¥,y = Tle;MgXZ- are non-singular, and \il;% and
\Ili_gl have finite second-order moments for all .

Remark 8 The above assumptions are standard in the panel data models with multi-factor
error structure. See, for example, Pesaran (2006). But in our setup under Assumption 2 we
require the error term, u;, to be serially uncorrelated, since our focus is on testing u; for
cross-sectional dependence, and this assumption is needed for asymptotic normality of the bias-
corrected CD test. Later in Section 4, we will consider models with serially correlated errors
and show that the bias-corrected CD test remains valid. Nevertheless, we allow €44, the errors
in the X equations to be serially correlated. Assumption 4 separates the observed and the latent
factors, as in Assumption 11 of Pesaran and Tosetti (2011). This assumption is required to
obtain the probability order of estimated residuals needed for computation of CD* statistic.

To estimate v;; we first filter out the effects of observed covariates using the CCE estimators
proposed in Pesaran (2006), namely for each i we estimate [3; by

. , -1, ,_
IBCCE,i = (XzMXZ> (XiMy'i) )
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and following Pesaran and Tosetti (2011), estimate a; by

’ -1 ’ ~
QcoE,i = (D D) D (Yi - Xi,@c()E,i) .

Then we have the following estimator of vy

!

~ A7
Vit = Yit — aCCEJ‘dt - IBC’CE,z‘Xit-

Using results in Pesaran and Tosetti (2011) (p. 189) it follows that under Assumptions 1-8

B = v+ O, <%) e (%) +0, (%) | (37)

Note when a; = 0 and 3; = 0, (36) reduces to the the pure latent factor model, (2), where
PCA can be applied to v directly. In the case of panel regressions 0;; can be used instead of
v to compute the bias-corrected CD statistic given by (35). The errors involved will become
asymptotically negligible in view of the fast rate of convergence of ¥;; to v;;, uniformly for each
1 and t. Specifically, as in the case of the pure latent factor model, we first compute mqg PCs of
{0y; i=1,...,n; and t =1,...,T} and the associated factor loadings, (¥;, f't), subject to the
normalization n* Y7 ’yﬁ; =1,,,. The residuals

it = Vi — ﬁ’;fu (38)

fori=1,...,nand t =1,...,T are then used to compute the standard CD statistic, which is
then bias-corrected as before using (35).

Theorem 3 Consider the panel data model (36) and suppose the true factor number myg is
known. Also suppose Assumptions 1-8 hold. Then as (n,T) — oo, such that n/T — k, where
0 < k < oo, CD* has the limiting N(0,1) distribution.

Remark 9 As in the case of the pure latent factor model the C'D* test will be valid so long as
the number of estimated factors is at least as large of my.

4  CD* test for models with serially correlated errors

As shown by Baltagi et al. (2016), when the errors u; in (1) are serially correlated the variance
of standard C'D test statistic is not unity (even asymptotically) and the test is no longer valid.
The same also applies to the C'D* test. To deal with this problem, we propose two solutions
which involve different ways of adjusting the C'D* test so that it will become applicable to
panels with serially correlated errors. The first method closely follows the variance adjustment
proposed by Baltagi et al. (2016), in which C'D* is scaled by w where

@’ (n— 1 Z Z &1 e] T — €3ij), T) & r (éi,T - é(ij),T) ; (39)

=2 j=1
with éi,T = (éil,T7 éiQ’T, Ce ’éiT,T)ly éit,T defined in (11) and
~ 1 Z ~
eiNT — ——= err.
(7/])7 n — 2 T,
1<r#i,j<n
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The expression in (39) is the equivalent to that provided in Theorem 3 of Baltagi et al. (2016)
but the factor of 2 in (39) is missing in their paper. The same adjustment is also applied to
the C'Dyy . test to allow for serially correlated errors.

Alternatively, following Pesaran (2004), we first transform the panel regressions to eliminate
the error serial correlation and then apply the C'D* test to the residuals of the transformed
model. This is possible so long as the error serial correlation can be approximated by a finite
order stationary autoregressive process. As a simple illustration consider the pure factor model

Yit = Vi fe + Ui,

in which factor f; and loading 7; are both latent, and the errors u; are generated as AR(1)
processes:
Uit = Piliz—1 T €t

where p; is the autoregression coefficient and ¢; is serially independent, as well as being dis-
tributed independently of f; for all 4 and ¢t,¢' = 1,2,...,T. Testing the cross-sectional inde-
pendence of u;; is equivalent to testing the cross-sectional independence of ¢;; in the following
autoregressive distributed lag (ARDL) representation of y;

Vit = PilYis—1 + Vife — pivifi—1 + €,

which can be written equivalently as a multi-factor AR panel regression
Vit = Pilie—1 + Vi + €, (40)

where f, = (fe, fi1)', and 5, = (i, —piyi). Since Yi—1 is weakly exogenous, the transformed
model satisfies the setup of panel data model (36) with f, viewed as a vector of latent variables
with the associated factor loadings, %,. It therefore follows that the C'D* test can now be
applied to test the cross-sectional independence of €; in (40). We refer to this test as ARDL
adjusted C'D* test.

The same approach can also be used for panels with observed covariates. In general, testing
cross-sectional independence of w; in model (1) is equivalent to testing the cross-sectional
independence of €; in

S S S
Yit = Z a;,sdt—s + Z PisYit—s + Z ﬂ;,sxit—s +gihy + €, (41)
s=0 s=1 s=0

where h, is an extended set of latent factors (that encompass f;), and g; are the associated factor
loadings. The number of lags S is determined by the order of the AR specification assumed for
uy in (2).

The variance adjustment is simpler to implement but it requires theoretical justification in
the context of panel data models with latent factors. The ARDL adjustment is theoretically
justified so long as the underlying errors follow finite order AR processes. As we shall see
both approaches work well in dealing with serially correlated errors, at least in the context
of the limited MC designs that we are considering. Clearly, further theoretical and Monte
Carlo investigations are needed for a better understanding of the relative merits of the two
approaches.
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9  Small sample properties of CD* and CDy,+ tests

5.1 Data generating process

We consider the following data generating process
Yit = a4 + g; (ﬁildt + ﬁigifit + m61/27;ft + 5it> s ] = 1, 2, cey n;t = 1, 2, ceny T, (42)

where a; is a unit-specific effect, d; is the observed common factor, z;; is the observed regressor
that varies across ¢ and t, f; is the my x 1 vector of unobserved factors, -, is the vector of
associated factor loadings, and ¢;; are the idiosyncratic errors. The scalar constants, o; > 0,
are generated as o7 = 0.5+ 3 (s7 — 1), with s? ~ ITDx?(2), which ensures that E(o?) = 1.

5.1.1 DGP under the null hypothesis

Under the null hypothesis, we consider both serially independent errors and serially correlated
errors, which are generated by both Gaussian and non-Gaussian distributions:

e Serially independent errors: Gaussian errors, €; ~ IIDN(0,1); chi-squared distributed
errors, €, ~ I[1D (%)

e Serially correlated errors: €;; = p.eit—1++/1 — p2eqis, fori =1,2,...,nandt =1,2,...,T,
where p. = 0.5 and e.; are generated as Gaussian errors, e.;; ~ IIDN (0,1), or chi-

squared distributed errors, e.;; ~ I1D (%)

The focus of the experiments is on testing the null hypothesis that €;; are cross-sectional
independent, whilst allowing for the presence of m, unobserved factors, f; = (fiz, fat, -+, frmot) -
We consider my = 1 and my = 2, and generate the factor loadings v, = (7i1,V:2)" as:

vi1 ~ IIDN (0.5,0.5) for i =1,2,...,[n%],
Yie ~ IIDN (1,1) fori=1,2,...,[n*?],
vi; = 0for i =[n%]4+1,[n%]+2,..,n, and j = 1,2.

In the one-factor case (mo = 1), we only include fi; as the latent factor and denote its factor
strength by «. Three values of « are considered, namely o = 1,2/3,1/2, respectively represent-
ing strong, semi-strong and weak factor. Similarly, in the two-factor case (my = 2), we include
both fi; and f5; as the latent factors and consider the following combinations of factor strengths,
ie. (a,az) =[(1,1),(1,2/3),(2/3,1/2)]. The intercepts a; are generated as IIDN(1,2) and
fixed thereafter. The observed common factor is generated as d; = pgd;_1 + /1 — pflvdt, with
pa = 0.8, and vg ~ IIDN(0, 1), thus ensuring that F(d;) = 0 and Var(d;) = 1. The observed
unit-specific regressors, x;, for ¢ = 1,2,..,n are generated to have non-zero correlations with
the unobserved factors:

Tit = Yair f1t + Yaizfor + €xit, (43)

where fj; = rjfj-1 + /1 — T?th, with r; = 0.9 and vy ~ IID (%), for j = 1,2. The
factor loadings in (43) are generated as 7,1 ~ I1DU (0.25,0.75) and 7,2 ~ I11DU (0.1,0.5).

15



The error term of (43) is generated as e,s = pi€rit—1+ /1 — pFvzir, where p; ~ IIDU(0,0.95)
and vy ~ IIDN(0,1).

We will examine the small sample properties of the CD and the bias-corrected CD tests
for both the pure latent factor model and for the panel regression model which also includes
observed covariates.

e In the case of the pure latent factor model we set 3;; = B2 = 0.

e In the case of the panel regression model with latent factors, we allow for heterogeneous
slopes and generate the slopes of observed covariates, d; and x;, as B;1 ~ IIDN (pg1, 0,%1):
and fBip ~ ITDN (g2, 03,) where pug = pgy = 0.5 and 03, = 03, = 0.25, respectively.

As our theoretical results show the null distribution of the CD and bias-corrected CD tests
do not depend on a;, §;; and (;o, it is therefore innocuous what values are chosen for these
parameters. Moreover, the average fit of the panel is controlled in terms of the limiting value
of the pooled R-squared defined by

PR, =1— (nT)' >0, Z;:l o E (e}) ' (44)
(nT) 713200 > e Var (yar)

Since the underlying processes, (42) and (43), are stationary and F (%) = 1, we have

nt Y oF [BY + BAVar (z) + mg 'Yy 4+ 2Cov (zi, vif) |
n-1 2?21 Var (yzt)

where v; = (yi1,%i2) s Var (zit) = VoiYei + 1, Cov (Tie, ¥i£t) = VoiYir Vi = (Vai1, Vaiz)', and

lim PR?, = PR2 = .
T—o0
Var (yy) = a? [@21 + BéVar (xq) + mal"y;'yi + 2m51/2C’0v (mit, '7;ft) + 1] )

Also since o7 and 3;; are independently distributed and E(c?) = 1, it then readily follows that
lim, ,o, PR2 =n%/(1 4+ n?), where

2uE (Vorvi) | E(vv)
+ .
A/ Mo myo
By controlling the value of n? across the experiments we ensure that the pooled R? in large

samples will be fixed, regardless of value of ;. In particular, in the case of the pure latent
model, we have n? = my'E (v;y;) = O (n®~1) where a = maz (a1, az).

772 = N%1 + ‘7§1 + (M%z + 0[232) [1 +E (’Y;;ﬁmﬂ +

5.1.2 DGP under the alternative hypothesis

We consider a spatial alternative representation for errors, and generate ., = (14, €21 -+, Ent)’

according to the first order spatial autoregressive process, €o; = ¢ (I,, — ,()W)f1 Co, Where W =

(wij), and Cop = (Cit, Caty - - - Gue)'- Similarly to the DGP under the null hypothesis, for the

serially uncorrelated errors, we consider both serially independent errors and serially correlated

errors, which are generated by both Gaussian and non-Gaussian distributions. For the case

where the errors are serially independent we generate them as (; ~ IIDN (0,1) or (; ~
x*(2)—2

II D[T] While for the case of serially correlated errors, (;; are generated as (;; = peGit—1 +
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,/1—,0264“, fori = 1,2,...,nand t = 1,2,...,T, where p = 0.5 and e¢;; ~ [IDN (0,1)

or ey ~ I D[%], covering both Gaussian and non-Gaussian error distributions. For the

spatial weights w;;, we first set w?j =1ifj=4—2,0—1,i+ 1,7+ 2, and zero otherwise.

-1
We then row normalize the weights such that w;; = (Z?zl w?j) wy;. We also set ¢ =

n/tr [(I, — pW) ! (I, — pW)""'], which ensures that n=* 37 Var(e;) = 1, for all values of
p-

5.2 CD, CD* and CDy+ tests

All experiments are carried out for n = 100,200, 500,1000 and 7" = 100, 200,500 and the
number of replications is set to 2,000. Firstly we consider the DGPs with serially independent
errors. For the pure latent factor models, we compute the filtered residuals as v; = yi — a;,
where 8; = T! Zle yir. For the panel regressions with latent factors, the filtered residuals are
computed as

Vit = Yit — dccor, — Bocr,inde — Book,iaTit, (45)

where (éCCE,i, Becr,i ﬁCCE’iQ) is the CCE estimator of a;, (;; and (;2, as set out in Pesaran

(2006). The CCE estimators are consistent as the relevant rank condition is met, which requires
that mg < 1+ k = 2 and is satisfied in the case of our Monte Carlo experiments. Then we
will compute the first m PCs {0;; ¢ = 1,2,...,n; andt = 1,2,...,T} and the associated
factor loadings, namely (ﬁ/i,ft), subject to the normalization, n='>"" | 4,4; = L;. Finally
the residuals, to be used in the computation of three CD test statistics, are computed as
e = Oy —,f, fori=1,2,... ,nand t =1,2,...,T.

As discussed in Section 4, C'D* is not valid when the errors are serially correlated. In
the simulations, we apply the variance and ARDL adjustments to CD, C'Dy ., and CD*.
The variance adjusted versions are computed by scaling the original statistics by the standard
deviation of the C'D statistics using the expression in (39) with e; = v; — ﬁ/ift. The ARDL
adjusted versions of C D, CD*, and C'Dyy,, are computed using the residuals from the following
dynamic panel data model with latent factors,

s s s
Yit = a; + Z PisYit—s + Z Bi1,sdi—s + Z Bio,sTit—s + iy + €5t (46)
s=1 s=0 s=0

In the simulations we set S = 1, but higher order values can also be considered. The number
of latent factors in h; depends on S and is given by my, = (S + 1)mg. Accordingly, the number
of PCs, m, should satisfy m > (S + 1)my. In the simulations if S = 0, we consider m = 1 and
2 if mg=1, and m = 2 and 4 if mg = 2. But if S = 1 we consider m = 2 and 4 if my = 1, and
m = 4 and 6 if my = 2. Seen from this perspective, the variance adjustment is preferable since
it does not require specifying the serial dependence of the error process.

5.3 Simulation results

We first report the simulation results for the DGPs with normally distributed errors, under
which the correction term of JR test, namely A, in (13), tends to zero sufficiently fast. Next,
we report simulation results for the DGPs with chi-squared distributed errors, allowing us to
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investigate the robustness of the JR test and our proposed bias-corrected CD test to departures
from Gaussianity. Then we report simulation results for the DGPs with serially correlated
errors, using the variance and ARDL adjusted C'D tests discussed in Section 4. Finally, we
consider spatial alternatives for the errors, by setting p = 0.25. As to be expected power rises
very quickly as p is raised above 0 (p = 0 representing the null), and additional simulation
results for values of p > 0.25 do not seem to add much to our investigation.

5.3.1 Serially independent errors: normally distributed errors

The simulation results for the DGPs with the errors following Gaussian distribution are shown
in Tables 1-4 in the online supplement. Table 1 reports the test results for the pure single factor
models. The top panel gives the results for the case where the number of selected PCs, denoted
by m, is the same as the true number of factors, mg, while the bottom panel reports the results
when m = 2. As to be expected the standard C'D test over-rejects when the factor is strong,
namely when a = 1. By comparison, the rejection frequencies of both C'D* and C' Dy, tests
under null (p = 0) are generally around the nominal size of 5 per cent. Under the alternative
(when p = 0.25), the C'D* has satisfactory power properties with significantly high rejection
frequencies even when the sample size is small. But C'Dy,, test performs quite poorly under
spatial alternatives, especially when 7' is small.

Table 2 in the online supplement summarizes the size and power results for the pure factor
model with my = 2, and reports the results when m(the selected number PCs) is set to 2 (the
top panel) and 4 (the bottom panel). The results are qualitatively similar to the ones reported
for the single factor model. The CD test over-rejects if at least one of the factors is strong,
and the empirical sizes of C'D* and C' Dy, tests are close to their nominal value of 5 per cent,
although we now observe some mild over-rejection when n = 100 and the selected number of
PCs is 4. In terms of power, the C'D* performs well, although there is some loss of power as
the number of factors and selected PCs rise. Similarly, the power of the C' Dy + test is now even
lower and quite close to 5 per cent when 7' < 500 even if the number of PCs is set to my = 2.

Turning to panel regressions with latent factors estimated by CCE, the associated simulation
results are summarized in Tables 3 and 4 in the online supplement. As can be seen, the results
are very close to the ones reported in Tables 1 and 2 for the pure factor model, and are in
line with the asymptotic result in (37) that underlie the use of CCE approach to filter out the
effects of observed covariates, as well as latent factors.

5.3.2 Serially independent errors: chi-squared distributed errors

The simulation results for the DGPs with chi-squared errors are provided in Tables 5 to 8 in
the online supplement. For standard C'D test and its biased-corrected version, C'D*, as shown
in Tables 5 and 6, the results are very similar to the ones with Gaussian errors, suggesting
that C'D* test is likely to be robust to departures from Gaussianity. As with the experiments
with Gaussian errors, the standard C'D test continues to over-reject unless o < 2/3, and C'D*
has the correct size for all n and T' combinations, except when the number of selected PCs is
large relative to mg, and 7" = 100. The main difference between the results with and without
Gaussian errors is the tendency for the C' Dy + test to over-reject when n > T, which seems to
be a universal feature of this test and holds for all choices of mg and the number of selected
PCs, irrespective of whether the factors are strong or weak. As we discussed in Section 2.1, this
could be due to the screening component of C'Dy, not tending to zero sufficiently fast with
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n and 7. Furthermore, the C'D* test continues to have satisfactory power, but C Dy, + clearly
lacks power against spatial or network alternatives that are of primary interest.

Similar results are obtained for panel regressions with latent factors, summarized in Tables
7 and 8 in the online supplement.

5.3.3 Serially correlated errors

The results for the DGPs with serially correlated errors are summarized in Tables 9-24 in the
online supplement. Tables 9 to 16 give the simulation results for the variance adjusted CD
tests, whilst Tables 17 to 24 provide the results for the ARDL adjusted tests. Overall, the
results corroborate our earlier findings obtained for DGPs with serially independent errors.
Both adjustments for serial error correlation work well, with size and power of the adjusted
C D~ tests being quite close to the results already reported for DGPs with serially independent
errors. It is also clear that without adjustments for latent factors and error serial correlation,
the standard C'D test will lead to large size distortions when the latent factors are strong.
But in line with our theoretical results, the standard C'D test, when adjusted for error serial
correlation if needed, tends to have the correct size when the latent factors are weak or even
semi-weak, namely when a < 2/3.

Comparing the two types of adjustments for error serial correlations (for pure latent factor
models as well as for panel regressions with latent factors), the variance adjusted C'D* test
works particularly well, and only shows mild over-rejection in the case where 7' = 100 and
n > T. In contrast, the C' Dy, with variance adjustment over-rejects for all combinations of n
and T'.

The ARDL adjusted version of the C'D* test also works well when the number PCs are
not too large, and tends to have the correct size for all (n,7") combinations and only shows
slight over-rejection when n = 100. The C'Dy, test using ARDL adjustment does better in
controlling for the size when the errors are Gaussian, but tends to over-reject when the errors
are chi-squared distributed and n > T. Both adjusted versions of the C'Dy,, test continue to
lack power against spatial or network alternatives.

6  Empirical illustrations

6.1 Are there spill-over effects in house price changes?

In our first illustration of the use of CD tests we consider the problem of spillover effects in
regional house price changes. It is well known that house price changes are spatially correlated,
but it is unclear if such correlations are mainly due to common factors (national or regional)
or arise from spatial spillover effects not related to the common factors, a phenomenon also
referred to as the ripple effect. See, for example, Tsai (2015), Chiang and Tsai (2016), Holly
et al. (2011), and Bailey et al. (2016). To test for the presence of ripple effects the influence
of common factors must first be filtered out and this is often a challenging exercise due to the
latent nature of regional and national factors. Therefore, to find if there exist local spillover
effects, one needs to test for significant residual cross-sectional dependence once the effects of
common factors are filtered out.

We consider quarterly data on real house prices in the U.S. at the metropolitan statistical
areas (MSAs). There are 381 MSAs, under the February 2013 definition provided by the U.S.
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Office of Management and Budget (OMB). We use quarterly data on real house price changes
compiled by Yang (2021) which covers n = 377 MSAs from the contiguous United States over the
period 1975Q2-2014Q4 (T = 160 quarters). To allow for possible regional factors, we also follow
Bailey et al. (2016) and start with the Bureau of Economic Analysis eight regional classification,
namely New England, Mideast, Great Lakes, Plains, Southeast, Southwest, Rocky Mountain
and Far West. But due to the low number of MSAs in New England and Rocky Mountain
regions, we combine New England and Mideast, and Southwest and Rocky Mountain as two
regions. We end up with a six region classification (R = 6), each covering a reasonable number
of MSAs.

Initially, we model house price changes without regional groupings and consider the pure
latent factor model with deterministic seasonal dummies to allow for seasonal movements in
house prices. Specifically, we suppose

3
T = Q; + Zﬁzjl {g: = j} +vif + wi, (47)

=1

where 7;; is real house price in MSA i at time ¢, and 1{q; = j} is the index for quarter j, and f;
is the mg x 1 vector of latent factors. To filter out the seasonal effects we first estimate a; and
Bi; by running OLS regression of m;; on an intercept and the three seasonal dummies. This is
justified since seasonal dummies are independently distributed of the latent factors. We then
apply the PCA to {0y : i =1,2,...,n,t =1,2,..., T}, where 0y = my —&i—Z?:l Bijl{qt =j},
to obtain the estimates 4, and f, for different choices of 1. For the case of serially independent
errors we compute the standard C'D, its bias-corrected version, C'D*, and the C' Dy, test of
JR using the residuals

3
it = iy — Q; — Zﬁiﬂ {Qt = j} - ’?;ft (48)
j=1

For the case with serially correlated errors, we consider the variance and ARDL adjusted ver-
sions of the C'D, C'D*, and CDy . The variance adjusted versions are computed by scaling
the original three CD statistics using expression in (39) and e; generated from (48), and the
ARDL adjusted versions are computed using the residuals from the following dynamic panel
data model with latent factors,

3 3
Tt = Q; + PiTit—1 + Z Bijl{g =5} + Z Nijl{ge—1 =5} + gih + €, (49)

Jj=1 Jj=1

where the number of lags is set as one, and h; is the vector of latent factors that includes f;
and f;_, with associated factor loadings, g;.

Bailey et al. (2016) also find evidence of regional factors in U.S. house price changes which
might not be picked up when using PCA. As a robustness check, we also consider an extended
factor model containing observed regional and national factors, as well as latent factors:

3
Tt = Qi + Z Bir il {qe = 5} + dir1Trs + Gip o™ + 7;‘7~ft + Uirt, (50)

J=1
where ;¢ is the real house price changes in MSA i located in region » = 1,2,...,6. 7, =
_ _ _ R . . .
n Y i and T = not YL S my,, are proxies for the regional and national factors.
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To filter out the effects of seasonal dummies as well as observed factors, we first run the least
squares regression of 7, on an intercept and (1{q; = j}, 7, ) for each ¢ to generate the
residuals

3
@irt = Tirt — &ir - Z ﬁir,jl {qt = ]} - 5ir,17_1-rt - 61’7’,27_Tt7 (51)
j=1

and then apply PCA to {0y :i=1,...,n,r=1,...,R,t=1,...,T} to obtain ¥,, and f,, for
different choices of m, yielding the residuals

3
Cirt = Tirt — Qi — Z/Bir,jl{qt =J} — Oir 1Mot — Oip 2Tt — ?;rft- (52)
j=1

We compute C'D, CD* and CDy,, statistics using the above residuals, without adjusting
for error serial correlation. For the case with serially correlated errors, the variance adjusted
versions of the three CD statistics are generated by scaling original test statistics using (39)
with e;; replaced by e;.; generated from (52), while the ARDL adjusted versions are computed
using the residuals from the following dynamic panel data model with latent factors,

3
Tirt = Qip + PirTirt—1 + Z Biril{ae = J} + dir1Trt + Gip oy
j=1
3
+ Z Nirl{@—1 = 7} + Wir 1 Tre—1 + Wi 21 + g hy + €. (53)
=1

The test results are summarized in Table 1 for values of i = 1,2,...,6. The panel (a) of
the table reports the results for models without regional or national factors, and panel (b) for
models with regional and national factors. In both panels, the first three columns report C'D,
CD* and C' Dy, statistics that are not adjusted for error serial correlation, while the remaining
six columns report the variance adjusted and ARDL adjusted versions of these statistics.

Both C'D* and C' Dy, tests reject the null hypothesis of cross-sectional independence for all
choices of m, and irrespective of whether we allow for error serial correlation. Adding national
and regional factors does not alter the main conclusion that use of latent factors does not
seem to be sufficient for dealing with residual error cross-sectional dependence. In contrast,
the results based on standard C'D test are quite sensitive on the choice of m and whether we
add national and regional factors to the model. It is also interesting that the values of C'D*
statistics fall somewhat as we consider a larger number of latent factors, but even with m = 6
we still obtain C'D* values in excess of 32 (compared to the critical value of 1.96). The C Dy,
values are very large indeed, giving values in excess of 545 across all applications.

Overall, the above test results provide strong evidence that in addition to latent factors,
spatial modeling of the type carried out in Bailey et al. (2016) is likely to be necessary to
account for the remaining cross-sectional dependence.

6.2 Testing error cross-sectional dependence in CCE model of R&D investment

A number of recent empirical studies of R&D investment using panel data have resorted to
latent factors to take account of knowledge spillover as well as dependencies across industries,
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Table 1: Tests of error cross-sectional dependence for the house price application

Panel (a): Without regional or national factors

Not adjusted for Adjusted for error serial correlation

error serial correlation variance adjusted ARDL adjusted

m\Test CD CD* CDwy CD CD* CDwy CD CD* CDwyy
1 138.7 400.7 3679.0 48.8 140.9 12957 383 170.5 2585.5
8.8 108.5 2643.9 3.2 39.7 967.2 9.2 119.7 2197.7
15.5 150.4 2449.2 5.8  56.8 9253 -14 93.1 2166.5
4.7  99.1 1754.7 1.9 39.9 707.8 -2.1 83.1 20154
1.3 929 1668.0 0.5 38.4 689.6 -3.4 754 1930.9
0.1 86.8 1534.6 0.0 36.5 646.1 -2.2 823 1859.7

ST W N

Panel (b): With regional and national factors

Not adjusted for Adjusted for error serial correlation

error serial correlation variance adjusted ARDL adjusted
m\Test CD CD* CDwy CD CD* CDwy CD CD* CDws
1 1375 139.0 1793.1 584  59.0 762.7 61.9 63.4 1742.1
2 107.5 117.6 1582.5 47.2 51.6 693.2 66.2 67.8 1592.0
3 106.5 119.2  1537.7 472  52.8 681.5 78.0 79.7 1636.5
4 112.0 122.0 14374 50.6 55.1 648.6 80.3 83.2 1559.6
5
6

124.7 136.6 1315.5 583 63.9 613.7 679 713 1483.1
45.8 69.8 1205.8 20.8 31.7 545.5 48.9 54.8 13759

Note: In the first panel the tests are applied to residuals from equation (47) for the first six columns and applied
to residuals in equation (49) for the last three columns. Both equations de-seasonalize and de-factor real house
price change. In the second panel the tests are applied to residuals in equation (50) for the first six columns and
applied to residuals in equation (53) for the last three columns. Both equations not only de-seasonalize and de-
factor real house price change but also filter out the regional and the national effects. C'D denotes the standard
CD test statistic, CD* denotes the bias-corrected CD test statistic, and C'Dy 4 denotes JR’s power-enhanced
randomized CD statistic. The number of selected PCs is denoted by m.

and have applied the CCE approach of Pesaran (2006) to filter out these effects. For instance,
Eberhardt et al. (2013) estimate panel data regressions of 12 manufacturing industries across 10
countries including Denmark, Finland, Germany, Italy, Japan, Netherlands, Portugal, Sweden,
United Kingdom, and United States, over the period 1981- 2005. They apply the standard C'D
test to the residuals of their regressions to check if the CCE approach has been effective in fully
capturing the error cross-sectional dependence. Their findings show that the C'D test rejects the
null hypothesis of error cross-sectional independence. JR revisit test results of Eberhardt et al.
(2013) using their randomized CD test C' Dy, but again reject the null of error cross-sectional
independence.

Here we focus on one of the panel regressions considered by Eberhardt et al. (2013) namely
(see their Table 5)

ID(Y;'t) =a+ Blln(Lit) —+ BZID(Kit) + ﬂgln(Rit) + ’Y;ft + Uit (54)

where Y;;, Ly, and K;; denote production, labor and physical capital inputs, respectively, and
R;; is R&D capital. We estimate the panel regression over a balanced panel and compute the
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residuals after the CCE estimation:
Uy = In(yi) — Geor — 500E,11H(Lit) — Becpan(Ky) — BCCE,?:IH(Rit)- (55)

In both Eberhardt et al. (2013) and JR the residuals in (55) are furthermore filtered out by cross-
sectional average of (In(yi), In(Ls), In(K;), In(R;)), and then the tests of error cross-sectional
dependence are applied. Here, we apply PCA to residuals {0, :=i=1,... ,n,t =1,...,T} to
get estimates 4, and ft, because PCA is not only required for construction of C'D* but also can
present the change of cross-sectional dependence associated with the number of selected PCs
to estimate factors, which is denoted by m. Also, it is implicitly assumed that the number of
latent factors in (54) is not larger than the number of time varying regressors (which is 3 in the
present application) plus one, to satisfy the rank condition for CCE estimation. Yet it is worth
noting that the CCE estimator continues to be consistent even if the rank condition is not met,
but requires that factor loadings -y, in (54) are independently distributed across i. See Pesaran
(2006), Pesaran (2015b), and the more recent contribution by Juodis et al. (2021).

As before, for the case with serially independent errors the three CD statistics are computed
using the residuals

e = In(yy) — dccp — BCCE,IID(Lit) - BCCE,QIH(Kit) - BCCE,?JH(Rit) — 48, (56)

where 4, and f, are the first m PC of 9y, for m = 1,2,3, and 4. For the case with serially
correlated errors, the variance adjusted versions of the three CD tests are generated by scaling
original test statistics using expression in (39) and e;; in (56), while the ARDL adjusted versions
are computed using the residuals from the following dynamic panel data model

In(Yi) = a+ pln(Yi—1) + filn(Ly) + Boln(Ky) + Bsln(Rit)
+ Alln(Lit_l) + )\gln(Kit_l) + /\3111(Rz't_1> + g;ht + €it, (57)

where the number of lags is set as one, and h; is the extended vector of latent factors.

The test results are summarized in Table 2 for values of m = 1,2,3,4. As can be seen,
the test outcomes are quite sensitive to the number of PCs selected regardless of whether the
CD tests are adjusted for error serial correlation. For instance, the CD and C'D* tests reject
the null of cross-sectional independence when m = 3, but not if m = 4. In comparison, the
C Dy + test rejects the null for all values of 7 when there is no adjustment for serially correlated
errors, but the variance adjusted and ARDL adjusted versions of C'Dy, ;. only reject the null
when m = 1. The C'D* test does not reject the null hypothesis if m is set to 4; and given the
favorable MC results for the C'D* test, we are inclined to conclude that a latent factor model
seems to be adequate for modelling error cross-sectional dependence for this data set.

7 Concluding remarks

In this paper we have revisited the problem of testing error cross-sectional dependence in panel
data models with latent factors. Starting with a pure multi-factor model we show that the
standard CD test proposed by Pesaran (2004) remains valid if the latent factors are weak, but
over-reject when one or more of the latent factors are strong. The over-rejection of the CD
test in the case of strong factors is also established by Juodis and Reese (2022), who propose
a randomized test statistic to correct for over-rejection and add a screening component to
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Table 2: Tests of error cross-sectional dependence for panel regressions of R&D investment,

Not adjusted for Adjusted for error serial correlation
error serial correlation variance adjusted ARDL adjusted
m\Test CD CD* CDwy CD CD* CDwy CD CD* CDwy
1 0.5 2.1 384 0.2 1.0 19.1 0.7 14 9.4
2 2.1 3.3 39 1.3 1.9 0.6 1.8 2.5 0.1
3 4.1 6.3 3.7 2.6 4.0 06 3.1 4.6 0.8
4 -0.8 1.7 8.6 -0.5 1.1 04 -1.3 0.3 -0.7

Note: The tests are applied to residuals from equation (54) for the first six columns, and applied to residuals
from equation (57) for the last three columns. Both equations model R&D investment. See also the notes to
Table 1.

achieve power. However, as we show, JR’s C'Dy+ test is not guaranteed to have the correct
size and need not be powerful against spatial or network alternatives. Such alternatives are
of particular interest in the analyses of ripple effects in housing markets, and clustering of
firms within industries in capital or arbitrage asset pricing models. In fact, using Monte Carlo
experiments we show that under non-Gaussian errors the JR test continues to over-reject when
the cross section dimension (n) is larger than the time dimension (T'), and often has power
close to size against spatial alternatives. To overcome some of these shortcomings, we propose
a simple bias-corrected CD test, labelled C'D*, which is shown to be asymptotically N (0, 1)
when n and T" — oo such that n/T — k, for a fixed constant . This result holds for pure
latent factor models as well as for panel regressions with latent factors. To deal with possible
error serial dependence, following Baltagi et al. (2016), we also consider a variance adjusted
version of C D*, as well as an alternative ARDL adjusted version that eliminates the error serial
dependence before the application of the C'D* test procedure. Both of these approaches are
shown to perform well within the Monte Carlo set up of the paper.
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Online supplement to

A Bias-Corrected CD Test for Error Cross-Sectional Dependence in Panel Data Model with
Latent Factors

by
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This online supplement is in four parts. Section 1 provides the proofs of Theorems 1 to 3,
and Corollary 1 of the paper. Section 2 states and establishes the auxiliary lemmas used in
these proofs. Section 3 derives the order of ,, in terms of the factor strengths. Section 4 gives
the summary result tables for the Monte Carlo simulations discussed in Section 5 of the paper.

Notations: For the n x n matrix A = (a;;), we denote its smallest and largest eigen-
values by Apmin (A) and Apq. (A), respectively, its trace by tr(A) = > " | a;, its spectral
radius by p(A) = [Amax (A)|, its Frobenius norm by ||A|, = (ir (A’A))"?, its spectral

norm by [|A] = A2 (ATA < ||Al| 5, its maximum absolute column sum norm by |[A||, =
F 1

maxi<j<n (Y iy |@ij|), and its maximum absolute row sum norm by ||A||_ = max;<;<, (Z?:1 |aij|>.
We write A > 0 when A is positive definite. We denote the £,-norm of the random variable
z by [z, = E (|z]")''" for p > 1, assuming that E (|z[’) < K. —, denotes convergence in

probability, 3 almost sure convergence, —4 convergence in distribution, and ~ asymptotic
equivalence in distribution. O, (-) and o, (-) denote the stochastic order relations. In particu-
lar, 0,(1) indicates terms that tend to zero in probability as (n,T") — oo, such that n/T — &,
where 0 < kK < co. K and ¢ will be used to denote finite large and non-zero small positive num-
bers, respectively, that do not depend on n and 7. They can take different values at different
instances. d,r = min (\/ﬁ, VT ) If {f.},—, is any real sequence and {g,} -, is a sequence
of positive real numbers, then f, = O(gy), if there exists K such that |f,| /g, < K for all n.
fo=0(gn) if fn/gn — 0asn — oco. If {f,} 2, and {g,} -, are both positive sequences of real
numbers, then f,, = & (g,) if there exists ny > 1 and positive finite constants K, and K7, such
that inf,>n, (fn/gn) > Ko, and sup,,,,, (fn/9n) < K1.

1 Proofs of the Theorems

Proof of Theorem 1. We first note that the residuals of the factor model (2) estimated using
PCs, given by (8), can be written as:

ew =i =7 (B~ ) = (B =) - G- (B - ). 1)
Let 8,7 = 7, /wir, and Sin = 4,/w;r, where sz = T~ 'u;Mpu;, then

eit/wir = Uit/wir — O 1 (ft — ft) - (&',T - 5i,T)/ f, — (&',T - 6z’,T)/ (ft - ft) : (2)



As shown in Lemma 1 in Section 2, and recalling that y;; = 7 f; + ujs, we have

f,—f = [n_lz (’3’] —’Yj)’)’

J=1

n

£+ (A=) wie 0t e

Jj=1 J=1

Using this result in (2) we obtain

eit/Wir = Wit/wir — O 1 (” Z’Yﬂgt) — &7 [”_1 Z (3 =) ’Y;] fi — &7 [”_1 Z (3, — ;) th]
=1
— (81T — 5i,T> f, — (5i,T — 5z‘,T) (ft — ft) , (3)

and summing over ¢ we have
Y (A ) 72] f,

n~ 12 Z eit/wir = n-1/? Z Wit /Wi — Pl <n1/2 Z ’Yiuit) — @y
i=1 i=1 i=1 =1
n n R /
o] -l

=1 =1

n~1/? Z <51T — 5¢,T)]/ (ft — ft) )
1

/
— Par

where .
r=n"Y 8ir. (4)
=1

Written more compactly

ht,nT —n 12 Z €it/wz‘,T = ¢t,nT — St,nT), (5)
i=1
where
a/’LTL u’L
¢t,nT = 7 Z:: WZTT t inr =1 — Wi,TSO;LT'Yia (6)
1 n
St = 7= > @nr B — v e + (5 -4, ) f, + @l (i — 7)) vk | - (7)
i=1
Further, let
1 n
— Z Ain€ity Qi = 1 — UiSO;ﬂ’i: (8)
n
i=1
where ¢, =n"'>"" 4, and 6; = v;/0;. Then ¢, 7, given by (6), can be written as
1 « ,
Ve = &t + % Z (1 — wir@pr ;) E Z — 0iPnYs) Eit
=1 )
_ 1 - / (I
= £t,n \/ﬁ ; (pnT"}’iuzt + — Z Uz(;onpyzgzt \/— Z (wz . 87,t> .



Define

1
Git = 12 1| eu
(T_lngFSi)

and since u;; = 0;64, then we have

1 n
Yinr = Etn + % ; Git — (Pnr — Z YiOi€it-

So Y ,r can also be written equivalently as

wt,nT = gt,n + UtnT — (‘PnT - ‘pn)/ Rt n, (9)
where
1 n
Etn = —— Z QinEity, Ain = 1— Ui90;17i> (10)
\/ﬁ i=1

1 n
Ktn = % ; Y;0i€it, (11)

1 n
UtnT = % ; Git.- (12)

Using (5) in (21) and after some algebra we have

o= (/.5) = Z(d’“ﬂ’ e+ (i) G - ),

where
T
PntT = T71/2 Z Sg,nT’ (13)
t=1
T
qnT = T71/2 Z wt,nT‘St,nT? (14)
t=1

and by Lemma 4 in Section 2 p,; = op(l) and ¢,r = o0,(1). Hence

CD = \/‘ Z (wt"T ) + 0,(1). (15)

Now consider T-Y/23°/ | 42 ;. and using (9) note that
T T T
1 1 2 2 - gt nUtnT 1 2

T = Z wt%nT = <_ Z ét%n) (1 + t_jl“ ’ : ) + Z Ut,nT

VT 5 VT 5 -1 &in VT 5
/ Zle ’%t,n’%,n / 1 d

+ ﬁ (‘pnT - ‘Pn) T ((PnT - (Pn) - Qﬁ ((PnT - ‘Pn) f Z KtnVt,nT
=1

— 2\/_(QOnT ( Z Kt né-t n)

=917 + 9207 + 9307 — 294,nT — 295n1- (16)

3



Starting with the second term, g, 7, note that

E (ganr) = E (|g2]) = % > B (vha). (17)

where v; 7 is defined by (12). Based on the cross-sectional independence of ¢;; in Assumption
2 we have

2
1 1 — 1
e =1 5201 5 | (G ) 4]

where

2 2
E (2 :E(—git )—1—2E Fit _
(<) eMre;/T (e'Mpe;/T)"*

as (96) and (97) in Lemma 7 in Section 2 show

E( €ii 1) 0<1> and E cii 1 0(1)
S ) —o(i) m )=o)
eMye;/T T (e/Mpe;/T)"? T

and therefore

E(w2,) =0 (T). (19)

Using this result in (17) we obtain E (|gy,r|) = O(T~/?), which by Markov inequality estab-
lishes that g2, = 0p(1). Consider the three remaining terms, gs,r, ganr and gs,r of (16),
starting with

1
g93nT = \/T

and note that by Lemma 5 we have

VT (¢, — @ur) = O, (nY?) + 0, (T71?). (20)

Y

\/T(‘PnT - Son)/ <—Zt:1;t’n%’n> \/T((PnT —®,)

Furthermore

E

T
-1 !
T g KtnKi
t=1

1 < 1 &
< T Z E H’%tﬂ’%:ﬁ,nH =7 Z E (/ﬂ;n/@t,n) )
=1 t—1

Then using (11)

n n

1 1<
E (Kyktn) = - > Avi0i0E (uejr) = - ;Uf (Vivi) < K, (21)

i=1 j=1
it then follows that
E

T
Tfl /
Ktk n
t=1

1 n
< EZUZZ (vivi) < K,
i=1
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and 7! Zthl KKy, = Op(1). Using this result together with (20) we then have
93.nr = 0p(1). (22)

Similarly, by Cauchy-Schwarz inequality and using (19) and (21) we have

T
1 Z
T Rt nUtnT
T
t=1

—
!

7 2 (B (siamen)] [B (r)]

t:1

T
o) o)

t=1

T
1
< T ;E H/‘ft,nvt,nTH < =

Lo 1/2
Iy <m>] (
ni:l

Then using the above results it also follows that

—_

<

ganT = \/T (‘PnT ( Z RtnUt TLT) - Op(]-) (23)

Similarly,

Z”ntftn <7 Zj[ B (wiurien) ] [E (€))7

where using (8) E (§7,) = >0 a?, =250 (1 - oipl;)’ < K. Hence, E H% S Kinkin
K, and again using (20) it follows that

T
gsnT = ﬁ (LPnT - Lpn), (% Z K}t,né-t,n) - Op(l)' (24)

Using results (17) to (24) in (16) now yields

1 d 2 1 d 2 2 ZTfl ft nUtnT
ﬁZQW = ﬁzgtm 1+ fT o +0p(1). (25)
t=1 t=1 t=1 St,n

as desired. Consider now the (population) bias-corrected version of CD defined by

__, CD+ \/gen
CD = —— (26)
where 0, =1 — 137" a?,, and a;,, = 1 — 03,7 Then using (15) in (26), we have
¢tn
—x \/> Zt 1 [ — ] [9
CD = T +o0,(1
wtn
%Zle?f— %(1_971)
= g +0,(1).



Now using (25) in the above and after some re-arrangement of the terms we obtain

[LZT (5 (1-6 >)} (1+ w )
— =1 nT
D = LI 2 ) o + 0y (1), (27)
where y
T 1/2 n n
g = LDy Sttt (28)
T Zt 1§tn

Consider first the denominator of w,7 and using (8) note that &, =n"2Y" | a; .. Also
by Assumption 2 and 3, n7*> " a? and E (¢},) are bounded and strictly positive, then by

i=1"1,n
Lyapunov’s central limit theorem we have

gt,n —d N(Oa wg)a

where in view of condition (5) of Assumption 3 wi = lim, (£ Y7 a?,) > 0. Hence, the

denominator of w,r is O, (1). Consider now the numerator of (28), and using (12) we denote
Ut,nT = n_1/2 Z;Lzl Cit and Cit = (T_1€;Mp€i)71/2 — 1] Eit- Then

gt nVtnT = Z Z amgthJt»

lel

where by Assumption 2, ¢;; and (j; are distributed independently for ¢ # j. Therefore,

2 L -1
1t (T_lngFsi)l/Q :
Furthermore, since a;, is bounded, and

1 1
£ -1 =0 (—)
' ((T_IE;MFEi)l/ 2 ) T

based on result (97), then E (& ,v;n7) = O (T™'). Using these results and denoting the numer-
ator of (28) by 7.7,

n

1
E (gtmvt,nT) - ﬁ Z ainE

=1

E

E (ror) = ET: E (&nvenr) = <\/17> (29)

Consider now Var (r,7) and note

T T

Var (r,r) = % Z Z E (& nvintée nvnr) — (E (rar))?

t=1 t'=1

where (E (rnr))” = O (1) based on (29). Also note

n n n n
(1 1
§t,nvt,nT§t’,nUt’,nT = ﬁ E E QinAinEit€jt! E GreCstr
r=1 s=1

i=1 j=1

1 n n n n
= ﬁ Z 2 : § : E :a’ina’jnsitgjt’grtgstU

i=1 j=1 r=1 s=1



where €;;, (+ are both cross-sectionally independent based on Assumption 2, then we have

T

T

1

T Z Z E (ft,nvt,ant',nUt',nT)
t=1 ¢/

=1

T T n n n n
— Tinz Z Z Z Z Z Z E (ain@jn€iteje CriCor)

t=1 t/=1 i=1 j=1 r=1 s=1

T T n n
T:’)[’LQ Z Z Z a; E 5zt52t’Cthzt’ TilQ Z Z Z Z Cl2 E gztgzt’ (CrtCrt’) +
t=1 t'=1 i=1 t=1 t'=1 i=1 T;éz

n

# Z Z Z aan (81tCzt) aan (Ejt/C]t/ T::'ﬂ Z Z Z afzn 8’LtC’Lt/ a’jn (8Jt/C]t)

t=1 /=1 i=1 j#i t=1 /=1 i=1 j#i
(30)
Consider the second term of (30) and using the serial independence of ¢;; yields
1 - 1
0 5)5) 9 TTINREIRES o 50 SF TR FIT R EN ]

t=1 t'=1 i=1 r#i t=1 i=1 r#i

(
in which the second equation holds because E (¢2,) = 1 by Assumption 2 and E (¢%) = O (T
based on (18). Next for the third term of (30), since result (97) shows

_0 (%) , (32)

Tjﬂ Z Z Zam (€itCit) ajn B (€50 Grr) = O @) ' (33)
t=1 t'=

1 i=1 j#i

2
Eit

(T_1€;~MF€Z')1/2

2
— &t

E (EitCit) =

then

For the fourth term of (30), using the serial independence of ¢;; and result (32) yields

n T n n
Tifﬂ Z Z Z Z ainE (€itGiv') ajmE (€50 je) = TLnZ Z Z Z ainjnE (€Git) B (€0G5e) = O (7%) :

t=1 t'=1 i=1 j#£i t=1 i=1 j#i
(34)

Finally consider the first term of (30) and note

n

T T
TLn2 Z Z Z az, B (v CGirr)

t=1 /=1 i=1

1 n ) 1 T T
7’L2 Z Gip T Z Z E ‘Sztgzt’gthzt’

t=1 t'=1
t=1 t/£t

i=1 t:l




in which the first term is obviously O (n~!). Consider the second term, and note by Cauchy
Schwarz inequality we have

2
1
s G )] = 2.2 —
E[(eiGit) (ciwGr)] = E |56 ((T_lé‘;MFEi)l/Q 1)

41 1/2

< [E (4et)] E( ! _1> ,

(T-'e/Mpe;)"?

where by Assumption 2 we have E (e}e5,) = E (},) E (¢},) = O (1). Meanwhile note

4
1 1
s (T-1e/Mpe))? HoF [(T—l ‘Mpe; 2} —
i Fez) Ez FE’L)

1
(T71€;MF€Z')1/2

;)

given result (94). Overall we have shown E [(g4(it) (€ C)] = O (T7'/?) such that

Y Y Bl (et = O (?) |

t=1 t'#t

Bl
+6 {T—ls;MFsi]

(T71€;MF€Z')3/2

—4F +1

and so is the order of the first term of (30). Hence combining it with (31), (33), (34) establishes
the probability order of (30) is O (T*/?n~'), then with (29) it follows

Var (r,r) = O (@) ,

n

and by apply Chebyshv’s inequality we have

nT = Op (E) .

n

Using this result in (28) and noting the denominator of w,r is O,(1) then it follows that
wyr = 0p(1), and as a result (using (27)) we finally have

T (& ,—(1-6n)
77 i1 (tT)
1-6,

with B (2,) =10, =137 a2, =137 (1-0p,7;)* >0, and

CD =

+0p (1),



where ky = E (¢}) — 3. But since 5> af, = O(n™"), then Var (¢,) =2(1 -6 L)+ o(1),
and

_— CD+[0
CD +0,(1)

—— """ | +0,(1).
VT tZ:; Var (&)

Recalling that Eﬁn for t =1,2,...,T are distributed independently over t, then
T 2 2
1 n E n
L off ik 21 G} €)) ,, vo1).
VT = Var (@2”)

Also by Lemma 9 in Section 2, CD = CD + 0p(1).Then it follows that
CD+ /36, CD+ f 0,
CD*(0,) = T = + 0,(1

R s,;%n—E(gzn)
VT t—1 Var (ffn)

which establishes Theorem 1. m

Proof of Corollary 1. Note that 6, define by (31) can be written as 6,, = 2g, — ¢, H,¢,,
where g, = n” 'Y " ol Hy = n7 Y00 o (Y75, P = n~tY" 85, and &; = v,/0.
Slmllarly using (32) we have 0,7 = 200 — gonTHnTcpnT, where gor = n Y0 Gir PV
H nT =N - Zz:l ;T (7z7z) s P =N - Zz: 6@,nT7 and 61,nT = Vz/Uz,T- Then

VT (bur = 02) = 2VT (Gur = 90) = VT (@ Blar@or — ¢ Hotp, ). (35)

Consider the first term of the above

2VT (gur — gn) = 2VT (Prr — ( Zm%)

Gur (E > Gur¥i— 5 om)] : (36)
i=1 i=1
and since o; and =, are bounded then n=' " o7, = O,(1). Also by (88) of Lemma 5 we

have VT (P, — ¢,) = 0,(1), and hence the first term of the above is 0,(1). To establish the
probability order of the second term of (36), we first note that

P ( ZJ’ ™, — — Zafyz)] =2VT e <% Z@',T’S’i - %Z%%)]
+2VT | (Ppr — ( Zoz i — ZU7>] :

(37)

—+ Op (1) —d N(O, 1),

+2VT




But by (117) ¢,, = O,(1), and by (112) in Lemma 10 in Section 2 n=' 3" | (6:09; — 04v;) =
O, (0,7) , which also establishes that the second term of (37) is 0,(1). Therefore overall we
have

VT (Gur — gn) = 0p(1). (38)

Consider now the second term of (35) and note that
VT (@%TﬂnTSanT - So;LHnSOn) VT (@ — ) H,r (Pnr — ®0)
+ 2T (@1 — @) B, + VT, (Aur — H,) @, (39)

where H,,; = 5 izt Orp (3797), and

n

. VT & o VT . o
VT (HnT - Hn) === D G A ) + == D (68 — o) (3Fi — 7))
=1

=1

VT . VT &
o> (@ = i) vevit ==Y (Wi — of) v (40)
i=1 =1

4
— E Dj,nT-
Jj=1

The first two terms of (39) are o,(1), since |@,|| < K, and VT (@7 — ¢,) = 0,(1), and
Y0t (A7) = Op(1). To establish the probability order of the third term of (39),

since ||, || < K it is sufficient to consider the four terms of v/7 (H ( 1, — H ) It is clear that

D, ,,r is dominated by Dy ,r and by (113) of Lemma 10, Dy ,7 = ‘F Zl Lo (YA — YY) =
O, (52@) = 0p(1). Using (56) of Lemma 2 in Section 2 and replacmg bni With 7, for
nT

4,7 =1,2,...,myg, it then follows that

VT
D3 nl — — Z 7171 - OP <5T = Op(]')‘
nT

Finally, denote the (j,j') element of Dy ,,7 by dy,r(j, ') and note that

.o 1 = E;M E; L.
d4,nT(]7]/) = n Z (Of%j’}’ij/) VT ( TF — 1) Jfor 7,7 =1,2,....m

i=1

But under Assumptions 2 and 3, |077;;7:;] < K, and VT (T le! Mpre; — ), fori =1,2,...,n

are identically and independently distributed across i, with mean 1/ VT and a finite vari-
ance’. Then by standard law of large numbers, for each (j,;'), danr(j,J') —p 0, as n and
T — oo, and hence we also have Dy,r = 0,(1). Overall, H,-H, = 0p(1), and we

have /T (@;TﬂnTgénT - goﬁangon) = 0,(1). Using this result and (38) in (35) now yields
VT (énT - Gn) = 0p(1), as required. =

IThe mean and variance of v/T' (T‘l‘s;MFsi - 1) can be obtained using (93) and (94) in Lemma 7 in Section
2.

10



Proof of Theorem 2. Recall from (35) that C'D* (énT) is given by
. D+ \f bor
CD* (fur) =

where 0,7 = 1 — I a2y Qi = 1 — Gir (Phry) s and @,p = n~t Y0 4,/6:r, subject to
the normalization n~' 37 | 4,4; = L,,. By Lemma 9 in Section 2 we have CD = C'D + 0,(1).
Then CD*(f,7) can be written as (noting that 1 — 0,7 = + =3 > 0)

zlzn

. _0D+\f0nT_CD+\f0nT+Op

~

By result (34) of Corollary 1, vT (énT — 9n> = 0,(1), and hence
i B E (12 =0)
1= 0 (Our — 6

CD + \/>9
+o0,(1) =CD*(6,) + o, (1)

+ 0p(1)

However, by Theorem 1, CD*(0,) —4 N(0,1), which in turn establishes that CD*(f,7) —4
N(0,1), considering that CD*(6,7) — CD*(6,) = 0,(1). m

Proof of Theorem 3. Let v; = y;; — ,B;Xit, and uy = Yy — ﬂ;xit - ’y;ft = Uy — ’y;ft, and
consider the following two optimization problems

ey Z Z (”“ ’“ft) ! (41)

=1 t=1
i o 3 (i) 1

where

’ ’ ’

Vi = Yis — IBCCE,iXit = Vit — BiXit — (/BCCE,i - /61) Xit = Uit — (/BCCE,i - @) Xt - (43)

We need to show that solving problem (42) is asymptotically equivalent to solving problem (41).
First, using the results in Pesaran (2006) and the fact that x;; is (stochastically) bounded?,

aoon)-0(L) 0, () 0 (L),

2See equation (45) in Pesaran (2006).

11



then rewrite the criterion for (42) with (43),

1 n T ) , 9 1 n
LSS (i) = 53

i=1 t=1

1 n T / 9 ;_
—or 2 (ve—it) 7

i=1 t=1 t

[M] =

’ 2
(Uit — £ - (ﬁcom - ﬁi) Xz’t)

I

(IBCCEZ 2) Xitx;t (BCCE,Z’ - 161')

1

3

H
Mﬂw

1 =1

- 2— Zn: XT: (Uzt ’)’zft) (BC’CE,i - ,31'), Xit
=1 t=1

Therefore, using (44) it is obvious B,r = O, ( f) + 0, ( ) + 0, (f) Also consider the
final term of (45) and note that by Cauchy Schwarz inequality,

1 T n R ’

T ; 2 Uz (ﬂcc;;,i - ﬁi) Xit
1 T n 1/2 1 T n

<(wrte) (w2E

i=1 t=1 =1

|CnT| =

(BCC’E,i - Bi)l Xit

where u;; = vy — 'y;ft = Yit — B;xit — 'y;ft. Since in both optimization problems ~, and f; are
only identified up to mgy X mg rotation matrices, u;; and u; have similar properties and we also
have C,r = O, (f) +0, ( ) + 0, (ﬁ) Overall we have

e 3 (=) =g 3 (i)

o () ) o)

Hence, PCs based on 0;; are asymptotically equivalent to those based on v;;. The remaining
proof of Theorem 3 can follow from the proof of Theorem 2. m

+

2 Statement and Proofs of the Lemmas

This section provides auxiliary lemmas and the associated proofs, which are required to establish
the main results of the paper. Throughout 6,7 = min(y/n, vV'T).

Lemma 1 Suppose that Assumptions 1-3 hold, and the latent factors, f,, and their loadings,
v i model (2) are estimated by principal components, £, and 4,, given by (8). Then

12



f—rF:0p<£), (47)
HU’(F—F) =0, (g) (48)
[r@-n -0, (). (49)
[FE-m-o,(5-). (50)
(F—F),F:Op (%) (51)
(F-F)F-0, (%) , (52)
(F-F) u=0,(5). (53)
(©-rw =0, (5-). (54)

where T' = (1, 7o, ...,%)/,f‘ = (%1, Y2, ...,%)/, w; = (U1, Ugg, -y Uir), Wy = (Urg, Uty ooy Ung), and
U = (u,uy,...,u,).

Proof. Since Assumptions 1-3 are a sub-set of assumptions made by Bai (2003), results (46) to
(49), (51) and (53) follow directly from Lemmas B1, B2 and B3, and Theorem 2 of Bai (2003).
The remaining two results, (50) and (54), can be established analogously. =

. ~ _ / . . .
Lemma 2 Consider 62, = T 'e,e;, the estimator of the o2, the error variance of the it

unit of the latent facto;“ model, (2), where e; = (e, €, ...,e;r) is the principal component
aA ala —1~A
estimator of w; = (w1, Usa, ..., wir)', namely €; = Mpy;, where My = Ip — F(F/F) F,y, =

13



(Yi1, Yizs - yir )5 and B is given by (8). Suppose that Assumptions 1-8 hold. Then

. 1
Ui2,T - W?,T =0, (57) ) (55)
nT
1< y _— 1
ﬁ Z bzn (O'in — W T) = Op (E) y (56)
i=1 n
1
0,7 — Wi T = Op (57) ) (57)
nT
1 . 1
ﬁ Z bzn (Uz T Wi T) — Op % ’ (58)
=1 n
1 1 1
51,T B Wi, T B Op (E) ’ (59)
1< 1 1 1
ﬁzbm (6'1T - wi,T) =0 (E) ’ (90

where wlp = T-'u;Mpw;, Mp = Iy —F(F'F)'F, 62, = min(n,T), and {b;,}}, is a sequence
of fized bounded constants such that n=* > b2, = O(1).

=1 "n
Proof. We first note that

e; = Mpy; = Mg (F; + w;)
= MFlli + (Mp — MF) u; + MFF’YZ,

which yields the following error variance decomposition

52 u,Mpu, N ~.F'M;F7, N w; (M — Mp) (Mp — Mp) u,
o7 T T T
2u;My (M — Mp)u, N 2u;M M ;F7, N 2u; (M — My) M;F4,

T T T
6
7j=1

Starting with the second term, we note that

F-F
T

72<F—F) Mﬁ(F—F)% ,
< [l

- < M.,

| Boir | =

where ||v,|| is bounded by Assumption 3 and |[Mgz|| = 1. Then using (46) it follows that
| Ba,ir|| = O, (0,,7). Before establishing the probability order of the remaining term Bs;r we
first observe that




Then using results (46) and (50) it follows that

A , PP / -1
FF FF 1 FF FF 1
T o) e (7) -(7) vols) @

and in consequence (given that by assumption 7-'F'F is a positive definite matrix)

=5}

FE_ 0,(1), and <—> _ = 0,(1). (63)

Consider now Bs ;r, and note that

(M — Mp) (M — Mp)
A A7 A 71'\/ ’ -1 ’ A A7 A 71*/ ’ -1 ’
:[F(FF) F—F(FF) F}Jr(lm—F(FF) F)F(FF) F
’ _1/ A~ A7 A _1'\/
+F(FF) F(Im—F(FF> F)

where the term in the first brackets can be furthermore decomposed as

P (FF) TP _F (FF) TF = (F _ F) (
1

Hence we have

Byir =T 'w; (Mz — Mp) (M — Mp)w; = > Cur, (64)

where

"
1 li AL A 1 ! i 1 i
Coir = 74, [F(FF) F —F FF) F}ul,
1 ’ A7 A -1 S !
Cyir = ZwF (FF (F—F) w,
1 /- LA 1
Cuir = Caar = 71, (F - F) (F F) Fu;,
]_ ’ A A7 A -1 A~/ ’ -1 ’
C’mT_Tu,L(Im—F( ) F)F(FF) Flu,
]. / ’ -1 ’ S A/ A 71!\/
Coir = 70 F (FF F <Im—F( F) F)uz

Consider C' ;r and note that

2
12 ~ra\ L F—FH
1Cy ) < Il (EE i
’ T T T




The first two terms are bounded in probability, since T-!|w > = T-* 3.7 u o? +

O, (T/?), and given the results in (63). Using (46) it now follows that |Cy, ZT|| O (6,7)-
To establish the order of C5;r, we note that

F (F/]?‘)_lF F(FF) 'F
~F (F'F)_l _F'F— (F-F+F) (F-F+ F)} (F’F)_l F
(FF) " |- (F-F) (F-F) - (F-7) P-F (F-F)| (FF) F.

Then we have

o _wF (FE\" (F-F) (F-F) (F-F)F F(F-F)| (pF\ " Fu,
) | )
and hence

[Caurl < |2 (?) <FF H 7 - FH . (F—TF) 7|

Under Assumption 2, T~Y?u;F = O, (1), and using results (46) and (50) it follows that
|Cair|| = Op< ) Also, by result (53), (F- F) =0, (ﬁ) and therefore

VT 52

N LE/L BNER)

To establish the order of Cj ;r, note that

1Csirll = |Cair ]| <

’
)

>
- T

and therefore

o _uF (FF Py
54T — T T

/

i ’ Ly -1 " ’ — ’
ui<F_F)+uiF 283 (F F>F+F’F FF\ ' (Fu
T T T T T T T )




hence

I

’ —1
1| wF|*|/FF
Csarll < = || -
jouurl < & [P (EE)
1 [ , T PPN —1
. ui(F—F> uF FF
T T
(F—F) F L |EE FF\ | ||uF
T T T |

and it follows that ||C5,7| = O, (T~1). Similarly, the probability order of Cg 1 is also estab-

lished to be O, (T™'). Overall, By;r = O, (%) Consider now the fourth term of (61),
nT

w, (I, —Pp)(Pr—Pp)w; u;(Ppr—Ps+PrPs)u
Byir = T = T
B u; (Pr—Ps)u; u;PFui N u;PFPFui

T T T ’

(65)
where Pp = F(F'F) ' F/, and P; = F (f"f‘) F'. The order of the first term of (65) is the

same as that of (64), namely O, (6,7). Since F is distributed independently of u;, using (63),
then it readily follows that the second term is O, (T'~!). The third term of (65) can be written

as

/ / - ’a A, o\ 1 A,

uF (FF\ ' (FF\ ([FF\ Fu

T \'T T T T

. < FF F(F- F) <F’F>_1 Fu, (F-F) w
= L

VT T T T
% ‘%\H(Fff i <2F>) ()

HFT“ + w ) —%Opa)xap(i —op(l).
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Consider now Bs ;7 and note that

!

1

v FMMpu, Vi (F - F) Mpui o F'MpF (FF) Fu
T N T T
v (f‘ — F) W (F — F) F i -1 u
T T + T T T
. ,F Mg ( - F) FF\  Fu (66)
Vi T T T

But, using results in Lemma 1, we have

/ !/

7 (FoF) w < il (F-F)u -0, ().

T
v (F_F) F R\ iy, < il (F_F> il e A | L4
T T T || =i T T T
1
—o, [ ——1,
,,(%ﬁ)
and
’ A ~ 2
Mg (F—F) FF\  Fu <l F—F‘ 1283 Fu,
i T T T || = T T T

1

v (5ﬁ
Thus, Bs,r = T‘lfy;F'MFMFui =0, ((5;%). Similarly Bg,r = O, (5,:T2). The above results
now establish (55). Result (56) can be obtained similarly, either by directly considering the
weighted average of (55) with weights b, or by noting that 67, and w}; are both integrable
processes and the probability order of the average will be the same as the probability order
of the underlying units. Results (57) and (59) follow from (55), noting that under Assump-
tion 2 there exists Ty such that for all T > Tp, 677 > ¢ > 0 and wjp > ¢ > 0. Further-
more, ;7 + wir = Op(l) and w;rd;7 = Opy(1). More specifically, to establish (57) note
that |67 — wir| < |62 — wip| / (Gip +wigr) < ¢ 1|62 — w?y|, and hence by (55) we have
657 — wir| = O, (0,7). Similarly, result (59) is established noting that

1 1

o;,T Wi T

5 — w; R 1
< Gir — wir| <ct Gir —wir| = O, ( ) : (67)

> N ol
Wi TO; T 5nT

Finally, results (58) and (60) can be obtained, respectively, in a similar way to the proof of

(56), since under Assumption 2, &; 1, w;r, 0 Tl and w; Tl are also integrable processes. =

18



Lemma 3 Suppose that the latent factors, £;, and their loadings, ~y,;, in model (2) are estimated
by principal components, ¥ and 4,, given by (8). Then under Assumptions 1-3 with n and
T — o0, such that n/T — K, for 0 < k < 00, we have

dyr = \/_ Z bin(¥; — ;) = O, (%) : (68)

nT
R B 1
dor = % 221: (Wi,T — Uz’) <7i - ’Yi) =0, <5nT> ) (69)
1 /1 1\ . 1
d; .7 = % ; <wiT - a) ('Yi - 'Yz') =0, (%) ) (70)
1~ . . 1
dynr = — Z (Gir — wir) (¥ —7:) = Op 52 ) (71)
" nT
1 & 1 1 1
de = = _ & ) = — 2
=3y (5o )a-w=0(x) (72
d —1i(8. —&8;7)=0 ! (73)
6,nT — n £ i, T i, ') — VUp 6nT )
1
d? nT — me 71 71 - Op <5T> ) (74)
nT

where {bin};_, is a sequence of fized values bounded in n, such that n='> " b2 = O(1),
6 77,/sz7 6’LT ’Yz/sza and wiT = T MFuz

~ —1 ~ ~ ~A A —1 ~ A~
fr PPy, | B, 243 a0
T T T T |7

e\ | (F—F)yi e
= = +| 7 | (75)

Proof. Note that in general

) e () (1) )

(76)

-1
By result (63) (Tle’F> = 0,(1), and by result (50) we have

Groon o (@) -o(win)o(t)
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Also since by assumption ||v;|| < K, and
- biny: || < [ = b2 - ~
Lo 1/2 Lo 1/2
2
s<52b3n> (52\%) <K
i=1 i=1
-1

Hence, the first term of (76) is O, (0,7). For the second term of (76), since (T’lﬁ"f‘) =
O,(1), we note that

A /
R / n n F-F 1 _ /

T (B-F4F) (02 by ) =02 b [T ) it e b

" (n ; v ; T )Ty ; i

It is clear that the first term is dominated by the second term, and under Assumptions 2, we

have
]_ n ’ 1 n T 1 1
T—\/ﬁ ; binF u; = <—ﬁ Z Z binftuit> ﬁ = Op <_\/T> . (78)

i=1 t=1

1/2

Result (68) now follows using (77) and (78) in (76), and noting that by assumption n and T
are of the same order. To prove (69) we first write it as

7\ 1 —
d nT — — | = 7 Yi — Vi 5
20T <‘/T)n;1“(7’ Yi)
€I-MFE:‘ 1/2
(3 7 _1

and conditional on F and o;, ¢;7 are independently distributed across ¢. Using results in Lemma
7 it is easily seen that E (g;r) = O(T~Y?) and Var (gir) = O(1), and hence n™* Y7 | ¢% =
O,(1). Also by Cauchy-Schwarz inequality we have

= (7) (' 3508) (-,

I— I‘H = 0,(6,7), and (69) is established. Result

where

g = \/T(wi,T —0;) = oNT

’

where T7'n = ©(1), and by (47) n~/?

, N —1/2
ollows similarly, with ¢;7 re-defined as q¢;7 = o, - — 1], and noting that
70) follows similarly, with defined TWT | (2 1|, and noting th

sup;(1/0?) < K, and using results in Lemma 7. To establish (71), using Cauchy-Schwarz
inequality, we have?

r-rf).

N 1/2
|dynr| < [n_l Z (Gir — Wz’,T)Ql (n_1/2
i—1

1=

3The proofs of (69) and (70) are different from that of (71) and (72) due to the fact that wZ.—o? = O, (T~1/?),
but 67 — wip = Op (n71) + Op (T71).
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where by (47) n~1/2 Hf‘ — I‘H = 0, (6,7), and by (57) n L0 (Gor — wir)” = Oy(6,7). Simi-
larly by (47) and (59) we have

n 1/2
1 1 \?
> (o)
=1

(n—l /2
04T wi, T

1 1 1
~0(5;) 0 (5) =0 (&)

Consider now (73), and note that it can be written as
1 ¢ Yi i
\/—Z o, T zT \/ﬁ; (W@T Wi,T>
_ 1 ¢ ¥i — Vi 1 Wi T — 04
B Vn — o; Wi, T

)

The first term of the above has the same form as (68), and becomes identical to it if we replace a;
in (68) with 1/0;, since by assumption inf;(c;) > c¢. Hence, the order of the ﬁrst term is O, (8,7).

Also the second term is dominated by the first term, since 1— (T~ 'e/Mpe;) " = O,(T") based
on result (94). Therefore (73) is established as required. Finally, consider (74) and note that

—1/2 Y bin (§ — i) v =n"'/? Y bin {_ F'F 711?" F—F)v,+ (FF 711%/ Z} ”
n AN —1 F/ F _F n s\ L

= Vi (F F) ( T ) (" Zbi"”’i”;) i (F_TF> mr ( - mem’>

i=1
A\ —1 ]':—;1/ (F . F) n

= —/n ( ) T (n_l Z bm%%)

i=1
PN n AN u
+ \/ﬁ (F;F> (nl ZTﬁlbm (F — F), uj')’é) + (F,}F> <n1/2 ZleinFlui7;> .

i=1 i—1
(79)

|d5 | <

o).

ﬂ

!
Recall that (TﬁlF'F> = 0,(1), and n= 137" | ~4,v: = Op(1). Also note that b, is bounded
in n. Then using (52) it follows that (n and T being of the same order)

i (FTF> L (FT— F) <n1 t; binA,ﬁ;) o, (%) —0,(671).

Similarly, using (53)

s (FTF> ) (n S (- F)’bmm;> —0,(3") =00




-1
Also, the last term of ( 79) can be written as T~%/2 (T‘lF’F) (n=12T=2N0 b Fluy))

where by assumption the mg x mg matrix, n=V/2T=Y23"" b, Fuy, = n~ 271230 Zthl
bin fjtuirYijs = Op(1), and hence this last term is also O,(d, ;). Thus result (74) is established,
as required. m

Lemma 4 Suppose that Assumptions 1-3 hold, and as (n,T) — oo, n/T — K, with0 < kK < 0.
Then we have

T
1 2

Wl = —— Siar = 0p(1), 80

it = 75 3 hr = o) (50)

T
1
nT — nTSt,nT = O ]-7 81
dnT ﬁ;%,TnT p() ( )

where Yy o7 and sy ,7 are defined by (6) and (7), respectively.
Proof. Using (7), recall that

n

w2 (B )

i=1

n

n 2 Z (% — ) i

=1

/ /
StnT = LT + Pnr ft

n R ’ n R ’ R
02N (B = dr) | £+ |02 Y (B — i) ] (f-%).
=1 =1
(82)
We also note that using (9), ¥, can be written as
wt,nT = gt,n - (‘pnT - ‘pn)/ Ktn + Ut,nT (83)
where
1 n
ft,n = = Qi n€ity, Qin = 1- O-i(P;z’Yia (84)
i

1 n
’%t,n = % Zzl: 71‘0-1'6@'157 (85)

1 « 1
VinT =— ——= -1 Eit- 86
o \/ﬁ; l(EQMFEi/T>1/2 ] t (50

After squaring s;,r, we end up with p,r = 2;0:1 A, o7, composed of four squared terms and
six cross product terms. For the first square term we have

T
1 /
Al,nT = ﬁ‘P;zT (T Z bt,nbt,n> Pnr>
t=1

where b;,, = n V23" (F, —,) wip = n"? (f‘ — I‘) u;. Then

=1
VT o P
vl < 2= ol || (- T)|| 1V,
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where Vy = 771 "7 | uwyu). But by Assumption 2, | V|| = Apaz (V) = Op(1), and using (47)
H(I‘—I‘)H — (L) Note that H(P—F)H < H(r—r)’F. Also ||,z = O,(1). Then

|A1nr| = \FO (5 T) = \/?O ( T) =0, (ﬁ), since n and 1" are of the same order. For
the second squared term we have

n

n=1/? Z (SzT — 51‘,T),

=1

Agpr = VT (T~'F'F)

1Y ()|

=1

By assumption T~!F'F = O,(1), and using (73) n=/23"" | (&T — 51,T) = O, (6,7). Hence,
Ay oy =0, (\/75;721) = 0,(1). Similarly,

n

T n
Agr = VTl p n—1/22(ﬁ/i—7i)'y; (T‘lzftft’> [n‘WZ% (5 =)
=1 i
WZ% =)

where [|¢,,7|| is bounded, and by (74) n™2 "7 (4; — ;) v = O, (6,7). Hence

anr =IO, (s ) TR 0 (o )

Pnr

=T, ‘1/22 ) 7| (T"'F'F)

P>

Next

—7—[fzbrﬁw

where by (46) T! = 0, (6,7 ), and by (73) n=¥/23°7" | (SzT - 6Z~7T) = 0,(1).

Hence, Ay,r = VTO, (6,7 ) = 0,(1). The probability orders of the cross product terms of
Pnr, namely As yr, ..., Ao N, are also easily seen to be 0,(1), by application of the Cauchy
Schwarz inequality to the product pairs of the terms A; nr, A2 N1, As N, and Ay np. Thus,
overall p,r = 0,(1), as required. Consider now ¢,r and note that it can be written as (using

(83) in (81))

T T T
1 o1 1
Qur = —= St,nTgt,n — ((pn — Qon) — StnTHRin + — St,nT VT
VT SRR e

where & ,, U7 and Ky, are given by (84), (85) and (86), respectively. Consider the first term
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of the above and using (84) write it as

\/— Z - ;) \/— Z & nuzt]

nl/Zi(’r — )i (Ti tnft>
XT: tnft>
PSR

Z St nTgt n ‘PnT

+ @nr

’ﬂ

.+;1m§;@M_awy'<

=1

w2 (Bur - 8ir)

i=1
4
= E Bjnr.
J=1

Using (84), By ,r can be written as

1 T
\/_Z — ) \/—Zaw (T;szjtgit)]

where a;, = 1 — 0,¢,7,. Since ¢;; are independently distributed over ¢ and ¢; and n and T are
of the same order, and ¢, = O,(1), then

Bl nT — < Za'z naz 71)) .

Further, letting b;,, = a;,0; and noting that n=*>"" 07 (1 — a,cpn'yz)Q < K, it follows from
(68) that n=Y23"" | a;,0: (§; — ;) = Op(5,7), which in turn establishes that By .7 = 0,(1).
Similarly, using (84), Bs,r can be written as

n T
n 1/22 — ) 7z] ( /—Z &Jnft5]t>-
nT’ j=1 t=1

=1

’

<ﬂ

Binr = @

Bonr = @rr

Recall that ¢, = O,(1), and by (74) n=V2>"" (4, — v:)¥: = O,(6,,}). Also, under Assump-
tion 2 A= 37" 37 ajnfiej = Op(1). Then it follows that By,r = 0,(1). Similarly, it is
established that Bs 7 = 0,(1), noting that by (73) we have n=1/23" | (&T — 51’,T) = O,(6.7).
The fourth term, Bj,r, is dominated by the third term and is also o,(1). Thus overall,
T-1/2 EtT:l Stnrétn = 0p(1). Using the same line of reasoning, it is also readily established

that 7-1/2 Zthl StnTken = 0p(1), considering that, k;, = n~!/? Yoy 'yzazz-:zt has the same for-
mat as & ,,, and in addition by (87) @, 7 — @, = O,(n"Y2T~Y2) 4 O,(T~'). Finally, the last
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term of ¢, is given by

WS (5, ) ]

=1

1 < 1 &
— Z StnTUtnT — —F= Z Ut,nTSO;LT
VT = VT =

T n
1
+ —= Z VT Py n~/? Z (% — 7o) vi| £
VT t=1 i=1
1 T B n R /_
+ — Z Vt.nT n~1/? Z <6i,T - 6i,T) f;
VT t=1 i=1

T B n
1 o
+ — E (S n~t? E (51',7’ - 5i,T)
vT t=1 | i=1

!

(1)

Using (86) we have

T _ . 1 1
= E(P;LT A n 1/22<71 _»-YZ) TZUZ <( )1/2 — 1) gitgjt] .

E;-MFEJ'/T

Again, since ¢;; is distributed independently over ¢ and ¢, then

T
1
— g; —1 Ei€jt —7p 0, if 4 7é j,
T <(€§MF€J'/ 7)"” )

and

"Mpe, ~1/2
g?t(s’ TFs) 1Y =

Also by (97), E [sgt (%) ] =140 (%) , n and T being of the same order, and by (68)

n

n 2N (3 — ) i

n 23" (3 — i) = Op(6,7). Tt then follows that C ;v = 0,(1). Similarly to By,r, we have
n T
1 1
— Z Z -1 5jtft]
i=1 VT 523 <(€§MF€J‘/T)1/2 )
= 0p(0,7)0p(1) = 0,(1).

The same line of reasoning as used for Bs 7 and By ,r can be used to establish C;,r = 0,(1)
for j = 3 and 4. Hence, T2 8;nrvinr = 0p(1), and overall we have g,r = 0,(1), as
required. m

/
Cz,nT = @ur
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Lemma 5 Under Assumptions 1-3, and as (n,T) — 0o, such that n/T — K, with 0 < k < 00,

we have
VT (Pn — Pur) = Op (n_l/2) + O, (T_l/Q) = Op(1)7 (87)

VT (@7 = n) = 0p(1) (83)

where o, =n"t 37 /04, $nr = n Y Y/ wirs @ar =1 30 A/ Girs wir = T uiMpug,
o7 = T 'y Mpy,, and 4, and ¥ are the principal component estimators of «; and F.

Proof. First note that

Fion e =TS {1 2) e ()} L5 2 ()]

=dynr + doyr.

where

dimr = __Z\/_ {w(jo B <wUZZT>} }j’
dZ,nT = T;

1_E( )] Vi
Wi T 0;

Since o;/wir = (T’lngpei)fl/z, vl < K, 0; < K, then using result (94) in Lemma 7
we have F (:_T) =14 0(T™), and da,,r = O (T_l/Q). The first term can be written as

dinr=n"1>0, 71-02-_1)@7% where x;r = —\/T[oi/win — E(0;/w;r)]. Conditional on F and
i, Xir are distributed independently over ¢ with mean zero and bounded variances:*

T o \1° 1 1\1"?
E — |E : 140(=)—-|1+0| =
(aare) -] = r]reea) Lo (n)]
Hence, di,,r = O, (n"'/?), and the desired result (87) follows. Consider now (88) and note
that it can be decomposed as

VT (@or — n) = VT (@nr — @0) + VT (Brr — ot » (89)

= 0(1).

Var (Xi,T) =T

where it is already established that the first term is 0,(1). Consider now the probability order
of the second term and note that it can be written as

\/T(sanT—sonT)ZEZn:(?—i—l)

%y Wit

VT & 1 VT & .
= Yil =— — (% — i) -
n 1 ai,rT Wi, T n im1 i T wz T

*When &;; are normally distributed we have the exact result E (E;NTFEI_) =T/(T —mp —2).
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Now using (60) of Lemma 2 we have

gz(l - )7,:0p<g>=op<1>-

05T Wi, T
Also by Cauchy—Schwarz inequality using (47) and (57) we have

&
i=1 7,1

1/2

e (L 0]

i=1 i—1 \0iT  WiT

=VTO, (i) x O, (%) = 0,(1).

Using the above results, we have T (@, — @,r) = 0,(1), which in turn establishes (88), as
required. m

<VT

Lemma 6 Suppose that € ~ IID(0,I7), where € = (e1,€9,...,e7), ko = E(e}) — 3, and
A = (a;j) and B = (b;;) are T x T real symmetric matrices and o is a T x 1 vector of ones.
Then

E (e'Ae) =tr(A) (90)
E[(e'Ae) (€' Be)] = koTr [(A®B)|+Tr (A)Tr (B) +2Tr (AB) (91)

where A © B =B © A denotes Hadamard product with elements a;;b;;.
Proof. See Appendix A.5 of Ullah (2004). m

Lemma 7 Suppose that € |F ~ IID(0,Ir), € = (¢1,e9,...,e7)", where &, is independent over
t, sup, B (|5t|8+6) exists for small € > 0 and let My = Ip — F(F'F)'F', where F is T x my
matrix such that F'F is non-singular. Also let v =T — mqy and suppose

/M —8—e¢
E (E FE) ] <K. (92)
v
for some small € > 0. Then there exists vy such that for all v > vy we have
'™
E <€ FE) —1, (93)
v

E

|
_I_
)

, fors=4,1,—-1,-2,-3, -4, (94)

e'Mpe 5/2]
v

t v ]

2 (E’Mps> 1]
t v

) (e’Mps)l/Q-
=
v

I
—
+
)
©
=

Sl S|l S|+

E

I
+
@)

I

—

+

@
7~ N 7 N 7 N 7/ N
N~ N "

—

Ne)

=

S|~

[\)
3



Proof. Firstly consider result (93) and note it follows immediately from (90) in Lemma 6 as
tr(Mp) = T — m. For result (94), when s = 4, it follows using (91) in Lemma 6, by setting
A = B = Mp, and noting that tr [(MpoOMp)] = S.r_ m?> = O(T), tr (M%) = tr (Mp) =
T — my. Next to establish the result for s =1, —1, -2, —3, —4, we first note that
'™ 1
g FE 1

» %%

e'Mpe 21 (i —1)
) = — = — 99
=i (S 1) = 2l (99)
with 7, ~ ITD(0,1). Noting that n? —1 is independently distributed over ¢, with zero means and
finite variances, it also follows that there exists a vy such that for all v > vy, ¢, is approximately
Gaussian. Then based on (98) and (99), and using the Taylor Theorem (v~'e'M Fe)s/ ? can be
expanded in terms of g, as

(98)

where ¢, is defined as

1 —2\1
—14of gy {—f <S ) 5] R, (100)

with the term R, given by

7\ 2
Rs v — 1 . 2,
’ ( ! ﬁ) g

where ¢, lies in the interval between 0 and ¢,. If ¢, > 0, then ¢, < ¢,, and if ¢, < 0, then
d» > ¢y- Note also that g, tends to a mean-zero normal variate as v — oo, and ¢, = O,(1).
Taking expectations of both sides of (100) we have (noting that E(g,) = 0)

"Mpe\ */? 1s(s—2
E(s F€) :1+_ME(RM).
v v 8

Also by Cauchy-Schwarz inequality we have

&\ 12
<1+\/”5) ” [E(qy)] " (101)

Since ¢, is approximately Gaussian, then there exists vy such that for all v > vy, E (¢}) < K.

Consider now the first term of (101), and note that for values of s (= 1, —1, -2, —3, —4), under
_\ —(4—s)
consideration, s —4 < 0, and (1 + \%) < K, for values of g, > 0, and E (R,) < K. When

gy < 0, for s —4 < 0 we have (recalling that in this case ¢, < q,)

E(Rs,) < {E

_ (s—4) (s—4) "™ s—4
El(1+L <B|(1+L —B(SEE)
Vv Vv v
, s—4
Therefore, it follows that £ (R,) < K, irrespective of the sign of g, so long as F (sl\g—” <

K, and results in (94) follow under the lemma’s assumptions. Result (95) follows using (91)
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in Lemma 6, and setting ¢ = €’ Ae, where A has only one none-zero element on its diagonal.
Result (96) can be established using a result due to Lieberman (1994) (see Lemmas 5 and 21
of Pesaran and Yamagata (2017)). Finally, to establish (97), using (100) note that

o [ €'Mpe
€; »

g —5/2
Rw=<1+ ) 22,

E(e?) =1, and using (95) we have

el o)

Finally, by Cauchy-Schwarz inequality

—1/2

E

3
‘|‘ _UE (Re,v) ) (102)

where

E(R.,) < E( \%)_5- " (B (ctt)] 2
- Y
<) | e @

N
Using a similar line of reasoning it is easily seen that E (1 + \‘7/—%) < K, under condition

(92). Also, since g, is asymptotically normally distributed, then there exists vy such that for
all v > vy, E(¢%) < K, which completes the proof of (97). =

Lemma 8 The CD statistic defined by (10) can be written equivalently as,

o= (323) v (G Sy o

Proof. Using p;;r = (% Zle eitejt> /6; 76,1 in (10) we have:

n—1 n
TZt 1 Gt 2T l €it
CD = n_lzz o \amonr 2\ 2 2 6 ) 6] )
=1 j=i+1 I t=1 =1 j=i+1 J5

Further, we note that

2
€t €it ]. 1 - €t 1 - €t 2
_Z Z <UzT) <?TJ'J,T) T2 <_” ; fATz',T) N EZ <&i,T)

=1 j=i+1
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Then using this result in (105), and after some algebra, we have

Mﬁﬁ&i(fiﬂ) ()

as required. =

Lemma 9 Consider the CD and CD statistics defined by (20) and (21), respectively and sup-
pose that Assumptions 1-8 hold. Then, as (n,T) — oo, such that n/T — Kk, where 0 < k < 0,

we have -
CD=CD+o,(1). (106)

Proof. Using (20) and (21) we first note that

Also note that
1 €it

\/ﬁzIUZT

- ht nT + gt nT (108)

where (see also (5))

n

/!
1 €t . nTet 1 )_ dnTet

hn = = d n i ~ -
bt ﬁ;ww vn’ W ot = \/_Zet<UzT wi,T vn

1

! -1 -1\ / -1
€ = (eltae%; "'7ent) y Cpr = (wlT 7w2 T "'7wn7T) ) dnT = (d1T>d2T7 ---adnT) ) and dzT - OzT

w;. 7. Then squaring both sides of (108) and using the result in (107) we have
2(n—1)
( T) (C’D CD) \/_th,ﬁ + \/_thT GenT

/T
et E (%d;TvernT + %C;TvernT) ) (109)

1T : .
where V. =T 13", ee). Now using (1), the error vector e, can be written as

co=w T (i) - (F-r)6 - (P-1) (f 1),
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Using this expression we now have

Vo = T ET: wu +T |7 ET: (ft £ (- ft)l T+

7 T‘lzT: (£ -£) ft>] r)

+(P-T1) )

_lgutft,] (f_ ) _

Tli(ﬂ—@ f;] (f—r)/+r
Y (i-n)| (For)

+T

+ (f—r)
Vir = Vo T [ (B F) ()| 04 (£ - 1) 2y (P 1)
+(F-1) [Tl (F—F)(F—F)] (b-1) 17U (F-F)T
—T'U'F (f‘—l‘)/—T‘lU’ (F-F) ( ) [ T-'F (F—F)] (1‘“—1“)'
wr [0 (f-F) (FoF)| (1) [rF (FF)] (- 1)

where Vp = T-' 327 wu;. Since ||V = At (Vo V) = Apax(Vr), then under Assumption
2 we have

E ||VT|| = E[)‘max(VT)] = 0(1)7

and therefore ||Vr| = O, (1) by Markov inequality. Also by results in Lemma 1 all other terms
of the V.r are either O,(1) or of lower order, and we also have V. = O, (1). Consider now
the terms in (109) and note that

( 2<"_—1> o0 - | < K IVaall | ( = Idurl?) + (el el

. N 1/2
% llcnr| = <”_1 ;%_Tz) )
n 1/2
_ ~_ _ 2
durl = v ( 'S (60— i) ) |
=1

By assumption w;r > ¢ > 0, and w;;? < ¢' < oo, and hence n™Y/?||c,z| = O, (1). Also,
using (67) we have (6,7 — w; T) =0, ( ), and it follows that ||d,r|| = O, (Wﬁ) = 0,(1),
’ nT

But

recalling that n and T are of the same order. Hence, ‘C’D — 6?)‘ = 0p(1), as required. =
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Lemma 10 Consider the latent factor loadings, 7;, in model (2) and their estimates 7, given
by (8). Then under Assumptions 1-8 with n and T — oo, such that n/T — Kk, for 0 < kK < 00,
we have

1 ¢ ’S’i_’)’i_ 1
S0 (2)

1 — 1
- g —~)oi =0, — ), 111
S G- me=0, () (111)
lem. . 1 1
o 20— ZUz")’i =0, (%) ; (112)
=1 =1 n
1 . 2 (2 ot / 1
= 0y (3 — 7)) = Op 2 ) (113)
n < nT

Proof. Results (110) and (111) follow directly from (68) by setting b;, = o; ' and by, = oy,

respectively. To prove (112) note that
I, o I
1~ X 1 <&
= > UG = wir) +wir] B =%+ 7] - - > o
i=1 i=1

1 & 1 ) [ A
- ;71‘ (wir — 03) + o ;'ﬁ (Gir —wir) + - ;Ui (5 — ;)

1 — ) 1 e A
+ D (wir —0:) (B — ) + - > Gir—wir) (Fi — i)
=1 =1
= Al,nT + A2,nT + A3,nT + A4,nT + A5,nT- (114)

Recall also that under Assumptions 2 and 3 0; and ~y, are bounded and w; r = T‘le;M rE€;, for
t =1,2,...,n are distributed independently across ¢, and from o; and «,. Starting with A4 7,

and using (94) we have
e Mpe; \ VnT
= —1l =0 ¥21),

T
Since n and T are assumed to be of the same order then E (\/ nT Al,nT> =0 (1). Also, using

results (93) and (94)
a;MFeZ- 12
T

Therefore, vVnT A, 7 = O,(1) and it follows that A, 7 = O, [(nT)_l/ 2]. Further, using (58)
setting b, = 7,5, for j = 1,2, ..., mg, then it follows that

1 & X 1
Az,nT = ﬁ ;% (Ui,T - Wi,T) = Op <m) .

E (x/ﬁAmT) = g y (v,01)E

Var (\/ﬁALnT> = ?:z_j; z”: (o7v;) Var

i=1

—0(1).
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Since Aj,r is the same as the result in (111), which is already established, then Aj,r =
O, (0,7). Using result (69) it follows that

n

1 . 1
Ay = — Z (wir — o)) (% — 7)) = Op ((57) :
n nT

i=1
Using result (71) we have

n

1 R . 1
As,r = — E (Gir —wir) (¥ —7i) = Op < 2 ) :
n 5nT

i=1

Result (112) now follows since A, = O,(d.7), for j = 1,2, ...,5. Finally, consider (113) and
note that

- Z g; 7271 77,71 - Z 0; 71>,

+ Za — Y)Y+ = ZG% ¥ =) (115)

Since 0?2 is bounded, then

1 — R R
p > ot (i) Fi— )
=1

%Z (% =) (3i — %’)IH

i=1

< (s o) ( Z — )

and using (47) it follows that
1
r 2t =0, (5).
Now using (74), setting b;, = o;, we have
1
p \/ﬁ(snT ’

%ZU? — Y)Y ‘ZU% ¥ =)
=1

and (113) follows. =

3  Derivation of 6, in terms of factor strengths

Consider 6,, defined by (31), and note that it can be written as

n n

9,;1—%2 m—l—%Z(l—am;%f

i=1 =1

1 & 1 &
= 2¢), (5 Z%%) — @, (5 20?71-72) Po; (116)
i=1 =1
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where ¢, =n"'>"" | v,;/0;. Then

0n] < supi(07) ||<Pn|\f( ZH%Hl) + 2sup;(0;) ||<Pn|\1< ZH%\M).

lv:ll, = Z;ﬁ:% i3], and

lpnlly < infi(oi) ( Z ||'n||1> infi(o:) [Z ( Z i3] )] : (117)

Since by assumption infi(o;) > ¢ > 0, and sup;(0?) < K < oo, then the order of |6,| is
determined by 37" (2300 1i51), where myg is a fixed integer. Hence, [6,] = © (n®7!) as
required, where a = maz;(c;), and «; is defined by Y || = & (n%). See (7).

4 Simulation results

This section provides Monte Carlo simulation results for the experiments discussed in Section
5 of the main paper. Tables 1-8 report the results for the DGPs with serially independent
errors. Tables 9-16 report the results for the DGPs with serially correlated errors using variance
adjustment. Tables 17-24 report the results for the DGPs with serially correlated errors using
ARDL adjustment.
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